
a,z  . . . aIn

az2 . . . a2”

A = . . . . . . . . . . . . . . .

MA112 .

GQ  A = (aij)i  = ~,....m
j = I....,n
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0 0 . . . 0

aZ2 0 . . . 0

, .., . . . . . . . . .

0 0 0 . arm
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~~UllJ~~f&~U~  (diagonal matrix)

9Ymhad  5.3 I* =
1 0[ 10 1

2) qj = bij yfl 7 61 i Ml:  j

MA 112 t11



‘ 2

&Sdl~wd  5 . 5  A  =  0

.4

‘0

B= 7

-3

S::16  A + B  =

1 3 5’

3 1 2

0 0 1.

3 1 41

1 1 3

5 1 71

-2+o  li-3 3+1  5+4

0+7  3+1  If1 2+3

.4+3  0+5  0+1  1+7

‘ 3  2 ’

n”aSFhii 5.6 t!& A = 1 4

.5 3 .

C:LaF?  3 A  =

j = I.....n

9 6”

3 12

15 9.
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2 + E + c,
II 

II 
II

gj P? > I m II

I L
 

N
I 

+
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-
 

w
I 

+
-

 
0

w
 

P
+

 
+

0
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1) A+0 = O+A = A

2) A-A = 0

3 )  O - A  =  - A

Giiga,pa"  1)&90,"nJQl~"~  ~~~~axl~~aiowna"oswlxrfl~nl~ara"El~~l~~~ElnlS'LlanCPl9J

WqM$J91  5.2 %b%?  A+0  = O+A 6aaz

A+0  = (a;,+O)  = (ai,)  = ( A )  = (O+a,J  = O + A

2 )  A - A  =  A + ( - A )  = (a,i+(-a(j))  = ( 0 )

= 0

3)  O-A = 0+(-A)  =  (0-aij) =  ( -a , , )

= - A

?lqpI&l  5.4 1;  a 1hhJltMtT~~al~ B = (b,J LlW  C = (cij)  6th  m xn lIJF~~ftcls”  Wb%l

a(B+C) = aB+aC

G$JOd  a(B+C) = a(bij+c,,)

= (a(b,  + Cij))

= cab,,-k  aqj)

= (ahi,)  + (acij)

= aB+aC

#

VlqI$JVl5.5  RlMUFl a, b ~~Ud~OJlSldflLflEll~C  = (cxj)  ldla mxn LU$l?f~d  0:1x

1) (a+-b)C  = aC+bC

2) (ab)C = a(bC)

f@d  1) (a+ b)C = ((a+ b)c,i) = (acij  + bC,j)

= .(aciJ  + (bci,)

=  aC+bC
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2) (ab )C  = ((ab)cij)  = (a(bcij))

= a(bC)

c,,  = Ika&,,;  l<i<m,l<j<n
k=I

‘4 3 o-

6&leilSwd  5.8 fhWl%~  A =

1 2 3

! i
,  B = 0 1 0

0 1.1
,l 1 1.

A dU 2x3 Wl:fd 118: B dpd 3x3 W%llf  &&  -ilZ:an”AB  dU2x3L¶~W%d
P, 0

llt7.ZOlfllMOdA  AB = (c,~),.  ,,2, edi
,= !.?,3

cl1  = al,bl; ta,,bz,+a,,bll

= (1)(4)+(2)(0)+(3)(l)  =  7

‘12  = a,,blz+a,Zb22+aIzblz

= (1)(3)+(2)(1)+(3)(l)  =  8

c~)  = al,b,l+a,,b23  +adk

= (1)(0)+(2)(0)+(3)(l)  =  3

%I  = a2,b,,  +a,,bzI +a2,bl,

=  (o)(4)+(1)(0)+(1)(1)  =  1

C22  = a2,b12+a2,b2+  azlbJz

= (o)(3)+(1)(1)+(1)(1)  =  2

~3  = a21b13  + a2h  + aA3

=  (w)+(1)(0)+(1)(1)  =  1

Mflll2 215
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$pPa”  1; A  =  ( a , , ) ,  B  = (b,,)  IIWZ  C  = (C,,)

%!A A+B = (a,,+b,,),=,,.  I,,,
J = I,..., n

\k=1

= $,(l
a,irCk,  + b,kCk,)

ii L,...,m
j- 1,.  ..p

2 1 8 MA 112



BC  = i$ ,hk+j)

a ( B C )  = (ai  ,h,c,j) = ($Fbikckj)

= ( 5 (abitnj) = (WC
k=l

LLB,” (,~,abi,ckj)  = (k~,hk(ackj))  = WC)

%2&l a(BC) = (aB)C  = B(aC)

‘1 o-

C=l 0

.o I-

66% D = ]I -1 Oj

[l 0 1

2 0 1
~~ =

3 1 2

:4 1 -1

MA 112 249



c’  =
[ 0 1 0 1 0 1

- 1’

I 66t=i-  DT  =al - 1

. 0.

mp&vl 5.10 n”lMUR  r athffrnalt  A  = (a,;)  anti: B = (bij) t&l mxn WF~~nelr”

I )  (AT)T  =  A

2) (A+B)T  = Ar+BT

3) @A)’  = rAT

4) (AB)T  = B’AT

2) %I? A+ B = (Gil)  Ft+tI$ ~ij = a,, + b,,

&l.h  ( A t  B) = (Cij) hJ~  C,;  =  cj, l<i<m, l<jSn

66kX6~09Ol" q,  = aii+  bi, *

$4!$41  (A+ B)’ = (C,j)=  (aji  + b,J = (a,,)+ (b,,) = AT  + B’

3) 6dO98l"  rA = (raij) iS?n";l  t?l (rA)’ = (cij)  118’3  C,j = rali

$~I% (rA)’  =  (qj)  = ( r a , , )  = r(q)  =  rAT

4) 16 AB = (c,,) LlaZ  (AB)’ = (C,j,j)  %Flfld  is,,  = Cjl

#

2 2 0 MA  112



. 1 - 1

idles 5.12 1;  A  = ,B=O I

.l 0

1 0 1
160”  BTAT  =aa

- 1 1 0

1 0

00 =

1  1 :

2 1

-1.  0 1

bta-  iu

h”aofhatdU  A =

I

1 0 0 01

- 1 2 4.

2 0 S,Iq=

-4 5 - 1 . 1

0 1 0 0

0 0 1 0

0 0 0 l-

$hJ~~fdflUXJl@l~  (symmetric matrix)

MA 112 2 2 1
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2 - 5  3 5
tan: BA z i Ii-1 3 12

&XXhi5.14 fhWl A = I
1 1 31

I 0 02 - 1 0 J2

1 0= 1 0 1 1

M A 1 1 2
223



OZYL%l A-’ = we!--
d -b[ 1ad-bc -c  a

hWi1~~  6.16 6lHUA  A =
cps e sin I9

- sin 9 cos 19 I

15lWUil co&-(-sin%) = 1 * 0

‘&&J  A-’  = 1 coS6 - s i n 8

c0s2e + sin20 sin e cos e I

[

cos 0 -sin 0
=

sin 19 cos I9 1
tor~~“~t~~~~~tt~~“,%ol,tolm~“cn”ern~~res  A (Elementary matrices and a method

for finding A-‘)

1 0 0 0
I

1 0 o - ‘ ,

&iaedl~~ 1 2 0 0 1 0
5.17 0 2 0 ,

[
0 1

1
’ 0 1 0 0

0 0 1.
-0 0 0 I-

&lWFl~~4~f34~U  (elementary matrix)

224 MA 112



- 1 0 0 - ISULUW3”&909PYU  (elementary matrix) Iqlii+l

E = 2 1 0  iJlf1f115LBl  2  8”““1d 19109  I3 ‘iJ~“fhM~?w”2

.O 0 I.(2R,+R,)

MA 112
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-SR,+Rj

’ R3
--

4

- 1 1 11 1 0 0

0 1 21  i 0; 0

-0 c l -4 I -5 0 1 :

-1 11;  1 0 o-

0 lJ1012 2 0
I

0 0 II 5 0-t
14

MA 112 227



-R,+R,

-5R,+R,

-3R,+RS

1 2 - 3 11 0 0

I
1 -2 1 ; 0 1 0 I

15 -2 -3 ; 0 0 11

‘1 2-3 1 1 0 0

o-4 4 I - 1 1 0

.5  -2 -3 I 0, 0 1 1

‘1 2 -3 I 1 0 O-
I

0 -4 4 (-1 1 0

.o  -12 12 I-5 0 1.

. 1 2-3 I1 0 O-
I

o-4 4 1-l 1 0
I

.o  0 0 1-2 - 3 1.

MA 112



det A = a,,a22-a2,a22 ,

TIE!& det A =
2 ‘1

I
= 2x4 - 1x1 = 7

1 4

Vhh~5.22 It = ’ Ol
0 1.1

det IL  =

MA 112 !a99



‘ 3 1 - 4
&tXh~ 5.23 A = 2 5 6 1

.l 4 8 I .

5 6
M ,I = I i = 5x8 - 6x4 = 16

4 8

C,, = (-  l)‘+‘M,,  = 16

3 I
M,; = I I = 3x4 - 1x1 = 11

1 4

C,,  =  ( -  1)2’3Mz, =  (-l)(ll)  =  - 1 1

- + - + - + . . .
+ - + - + - . . .
- + - + - + . .._

Olflwl719bl~~9a'lC,,  = M,,, CT,,  = -Mz3,  C3, = M,, &i%?h&

det A = 2 aijCij -~Iu;  I < i $ n
,‘I

3 1 0

i?dl-3’ii 5.24 A = I- 2 - 4 3 I
I 5 4 -2J

det A = 5 a&,
,=I

MA 112



= 3(8-12)-1(4-15)+0  =  - 1

WiWJlTlM7lbTblU

det A = 3: azjCzj
j=l

= a2&2,  + az2C2, + a2,G3

= 2(-2)-4(-6)-3(12-5)

= -4+24-21 =  - 1

i
o - 1  1 3

1

0

I I

3
+3(-1)2’J

-2 5

ii%JfhS~ f-hM 1 2 - l 15.25 A =
OWI  det A

0 0 3 3

10 1 8 01

det A = i a,jCs,
i=l

= a3Gl + a3G  + adA3  + a&34

- 1 1 3

= O(- 1)3” 2-l 1

1 8 0

I0 -l 3l

0 1 3

+ O( - 1))‘2 1 - 1 1

I 10 8 0

1

4,

.

o-1 1

2 -1

0 1 8

= 0+0+3(0(-l)+l(O-0)+3(l)]-3{0+1(8)+l(l)j

= 9 - 2 7  = - 1 8

MA 112
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tl~TlBWl%WU&  (Cramer’s Rule)

~IHMFl  A = (aij) I~MIPJW~fl~~~?~  91UlW nxn IFlU;  det A # 0 C)l6&

9tMJdUf119  a,,x, +a,zxz+...+a,.x,  =  b ,

aZIxI+a22x2+...+a2nx,  = b2

det Ai
x1 = det

l<i<n

-3x,+4x2+6x,  = 30

-x,-2x2+3x,  =  8

- 1 0 2.

h?A=  - 3 4 6

--I - 2 ;.

SE% det A = 44 # 0

‘ 6 0 2

A , = 30 4 6

.8 - 2 3

1

,

- 1 6 2

AI = - 3 30 6

.-1 8 3

MA  I I’i



- 1 0 6

A , = - 3 4 30.-1 - 2 8 1
%$~I  d e t  A ,  =  - 4 0 ,  d e t  A2  =  12

det  Aa  = 152
\

det A2  : 12 _ 18
x2 = - - -&j  _-  1,det A

38d e t  A, _ 152
“= detA  x=11

-,.,

!w!2



.

1 .  ltiA=

’ 6

E =  - 1

I 4

- 3 0 ’

- 1 2,B=

_ 1 1 :

1 3 ’

1 2

1 3 .

89p11h0J9

1

I
,c  =

2

fl) A B V) D + E

9) D E Q)  E D

2 .  o99~6aJn7fl~u~o  1 .  n1d1  (h411my)  %09

fI) 3C-D u> (3E)D

4) AW) Q)  (4B)C + 2B

3 .  RlmNl

4 .  fhmw

r 1

11 4 2
I 3

I
,D= - 11 5

_ 3

5 2

0 1

2 4

f-i) D - E

Q) - 7 B

?I)  (AB)C

Q) D+E2 (htJi  E2 = E E )

a - b b + c 8 1

II I

= 9SWlhUvOS  a, b, c, d
3d+c 2a-4d

IT,”  I::]=[ li7:\ TJWlfha,b,c,d

6 .  %A=[  -4 -:],B=[: I] ~W~FIT~AB=O

7 .  %A=[  -f -:],B=[ -: I] ,kXC=[  -1 I;]  WHWN’hAB=AC

8. 1;  A = OWtCWh A* = I2 (hJ~  A2  =  AA)
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9 .  fb4UA A  =

!

2 -4

E=O I

3 2

1 2  1 2 1 4 3 1 ,B=

1 0

2 1

3 2

5’

4 6KiZ  F  =

1 _

c=

3 -1 3

4 1 5

2 1 3

‘ 3  - 2
, D := I 12 4’

i)JY?1hl09  (6lma1mWlI~)
fl)  AT  lla:  (A’)’ 91)  (C-t E)T 6la:  CT+ ET ‘Fl)  (AB)T  hltl:  BTA’

9) (2D t 3F)T 9 )  BTC+A S)  (BT+ A)C

MA 112 235



I 0fl> I I0 5

3. fhP1UW A =-

1 2 3

4 5 6

7 8 9

‘ 7 8 9-

4 5 6,C=

.l 2 3 .

esrnl~~3tl~l~o9~u  F,,  E2, E,, E4 %7%X

f~)  E,A  = B V) I&B  =  A

4) E,C =  A

1 2 3-

4 5 6

9 12 15.

+I)  E,A  =  C

4. n)

236

[I 2

L 3 5

-- 2 3

3 5

8fl> -6 !
I J-4 3

MA 112



5. fl) I
3 4 -I’

1 0 3

2 5 4 .

‘ 2 6 6 ’

9) 2 7 6

.2 7 7.

- 3 1 5 ’

91) 2 4 1 f9

.  - 4 2 -9.

. 1 0 1’

0 ) - 1 1 1 Q >

_ 0 1 0 .

1 0 1.

0 1  1

1 1 0.

1 1 1.
3 s 3

1 1 4
s s-s

2 1 1- -
5 lo  _iii

MA 112 237



1 2
1. n) I I-1 3

1 - 2 7

2. fl) 3 5 1

4 3 8

k - 3 9

9) 2 4 k + l

11 kZ 3

2 0 1

3 2 - 4
3. fl)

2 3 - 1

1 1 8 - 4

- 1

4. fhU~ A = - 2

_ 0

I
4

- 2

0

6

- 2

3

1

8

- 3

1

4

- 1

1

1

2 -1

4 -6

I 2

0 0

2 0

2 -3

5 3

- k - 6 0

5. filHUAA=  [ “,’ ,I:], B= 0 k

_ 0 4

fl) Tld??ln'l A iw'l%G detA  = 0

U) 9974161  k ?!w"la& detB  = 0

-1
n)

- 8

3

-1

6

0 -

- 1

k - 4 .

2 3 8 MA 112



6 . 2x+4y+6z  = 2

2x +2z =  0

2x+3y-  z = - 5

7 . xtytz-2w =  - 4

2y+z-t3w = 4

2xty-zt2w = 5

X-Y t w = 4

8 . 2xt yi  z = 6

3x+2y-2z  = - 2

xt y+22  =  4

9 . 2xt3ytlz = 2

-2x -42 = 0

x+2yt4z = 0

1 0 . x t  y - 2 z  = 1

2x- yt z = 2

x-2y-42 = - 4

MA 112 239 .


