
~=IIU&YI~TI  (right-handed system)



7mluZin  (coordinate plane) biiawnunu%ia  2 unu

Au& 7rU-w~riias-munU  x uaaunu y 7:: b ?unii~auw xy

(xy-plane)  uaa7au7u~~ihmunu  y uagunu  z r;uniwmiu  yz

(yz-plane) ~auw~thvmunu x uarunu  z r5unii7ru7ti  xz

(xz-plane)

iit%m-Ja  P hJ5f$  3 ii; n~Huaanaa~ua~iJ7in?~uiu

iGl 7auai14an.sg*  P ;1m7=uw yz ~?tmiitiha  x

(x-coordinate) a~uAi47in7=uiu xz tSuniitn'n  y

(y-coordinate) u1~7ru&~71n7%u1u  xy zo

%n z (z-coordinate) %aanqa  P b~tIUu?IUi?a  P(x,y,z)

x
?,"  6.1.2
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1 *y
/‘!

----p,  4i 0)

I
I 1

x I 1’
LA’

( 2.4.  -3)

2” 6 . 1 . 3

2
A

i

I x=2
I
I

,A-- .v

a J t
(2, 0,  0)



( )

(x2,0,0  ) -_ .

J-/

----/” 2(X2,Yi’Zi)

x /

3” 6 . 2 . 1

QlQ2 = ly2 - Y,I

bbar:  RR2 = Iz2 - zll
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itmlll~lMbH~UM PlAP2
m2)2  = qA)2 + (Ap2)2

Ubial81bw~UB1 PIAB a4udlaJsM~su~llQl”  7z.G
-

(P1Aj2  = (iii?  + (BP1 1’
- - - -

GIM AB, BP, Ma:: APE auwd?iu~~nu%a  x ,  y u a ::

z mwa%iu
v :: -
A4UU AB = Ix2 - x11

-
BP1 = lY2  - Y,l

ua= AP,  = Iz2 - zll

<P*P212  = Ix2  - XII2  + lY2 - Yll
2 * IZ2  - Zll 2

PIP, = )(xe12  + (y2 - Y1 j2 + ( z2 - z1 I2

HsJl?3  LW?  1 . i-i1  P1’P2 L4U~RYU~~Ulll  x y  7:x z1= z 2 = 8

ikbpa
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7w.l&47Yxh~  P
,1

‘P, ;;a  plp2 = 1 (x2 - Xl) 2
+ (Y2 - Y,j2

2 . ~n~~na7~ao~d7unn~Laum7~~~~7~~~1~  PI(xl,yl,zl)

x1  + x2 Y1 + Y, z1 + z2
ua:: P2(  X2’Y2’ZZ  ) 70 ( 2 ’ 2 ’ 2 1

P1(X1’Y1’Z1)  ua::  P2fX2,Yz,Ze) r9u~ndai~aanrlu~maidau

P : 9 ilaIR’

PX2 + WI py2 + 9Yl PZ2 + qzl
x =

.P + q
,y= ua::  2 =

P + q P+q

i-J&4  6.2.1 -wl7mh~7~HilQqR P1(3,-2,l  1 M a : :

P,(  -1%,4,-Z)

?iinY illn  PIP2  = (x2  - xi  j2 + (Y - Y1 I2 + (z - z,) 2
2 2

Plp2 = (-1 - 312 + (4 + 2J2 + (-2  - 1) 2

Pe= (3 - m2 + (1 + 5j2 l (-2  - 0) 2 q 165

iift=  (-2-3)‘+(7 - 112 + (-4  + 212 =165
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-
PR = (-2 - 812 + (7 + 5j2 + (-4 - rij)2  q 2 1 6 5

91Li%Ail PR=Ei+BR

n’&dyGi  P, Q,  R o+Ar~wa74l~u?~u

( 1 I(3)+(3)(2) ( 1 I( 1 I+( 3 I( - 1 1 ( 1 I( -4 )+(  3 I( 3 1
x = ,Y = , z =1 l 3 1 + 3 1+3

2x-Q,y:-z  = -; ,z=;

Ginaa  Q ikl  ( p, - ;, ; 1

MA 109 139



Pi(4,  -1,5)

5,” 6 . 2 . 3

6 + 3
ua::

2
= z
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TGklnsqm P,  %I C-4, 2 ,  3)

1.

1 . 1 (5,0,0) 1 . 2 C-3,1,4) 1 . 3 (2,-6,-2)

2 . ~9~iqR~9nai9Ua”%~U~~l~~~~~l~~~  2 qw~n%4unI~

2 . 1 (5,-6,-5)  Leas  t-3,2,7)

2 . 2 (7,9,-10) bbaz  (l,-3,2)

2 . 3  t-8,3,6)  bba::  (0,3,-14)

3 .

3 . 1 (3,2,-l  ),(2,-3,4),(4,7,-6)

3 . 2 (6,-3,51,(4,-8,l  11)(8,2,9)
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7 .

8 .

9 .

c
.v
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unu  z b5unap  cd,p,y  -hspuzinGdni~

( d i r e c t i on  ang l e  1,

2 4”

%I (10s  OL, c o s  p, c o s  y ttaa cos(  1 8 0  - cc), cost  1 8 0  - 8)  ua::
d *I

cost180  - y) nl.lUFl7b?ilfi¶J -&OS (Y * -cos f3,  -cos y

?,”  6 . 3 . 2
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ati d b i%.emml~W P(  XO'YO'ZO)

=0
L&a:: cos 7 = -

d
2

x0
cos=cd  +  cos2f3 +  cos27.  =  - +

d2 1

2 2
y0  z0
-+ -
d2 d2
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aw%l~c;-I 1- = (- ; 1(-l)
2

-2 q (- ; l(4)

3---=
2

(- ; b(3)

,3s’dc5 a b C-=--=-=k
c o s  ix c o s  6 c o s  y
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x2 - x1 y2 - Yl =2 - =1
cos a = d ,cosB=  d , cos y =

d

riiulFl~$:udn4~dnl~an4  L

+: vi a,B,r rhsyulaGdni4aoJ  L &h~ P1,P2

riiua7.3  P,x’,  Pp’  ua= PIZ’ au-wiiuunpr  x  ,

unu  Y , u n u  z  n3ua’lth  ~~nftldwrHiifwapmn  7=bihh

x2 - x1
cos a =

d

y2 - y1
cos p =

d

=2 - =1
cos y =

d

munm  1 n’l P1(xl’Yl’=l) uas  P2( x2, ~2,  z2 ) rhyil  i

yiUUL~Urn74 L uka x2 - Xl,  y2  - y,, z2 - z1

~Sur%man~~~uauuda~~dnl~~a~  L

unun’ln  2 1; a13bl,c1  u-a:: a2,b2,c2 ~Su~?w3uudnGdnw

m9 L1 uaz  L2 riua%iu

Ll llu1uiiu  L2
a2

i&k&  - =
b2 =2

q -=k
a1 b, c1

1 4 6
.
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d =  (-l-l)2+(8+2)2+ (4 - 5j2

= 14+4+1 =  3

- 1 - 1 + -
c o s cd q

3
’ cosp=

0 2 4 5
3

, c o s “I =
3
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k!ili14  6 . 3 . 3 El (a,2,c)

(3,-1,2)  ua:: (5,-4,5) ~9HlF;l  a  bba::  c

‘j&c-l b~unas~ejlU (a,2,c 1 Ma:: ( 3, -1) 2 ) ~~*luau~~dn&bll~

3 - -1a , - 2, 2 - c

~thn%4=iejlu  (3,-1,2)  bbaz ( 5 ,  -4,5  ) ihAauutm&hll~

5 - 3, -4 + 1, 5 - 2 w;O 2,-3,3

b~~~%9~9desaulu~u~s~~

3-a -3 2 - c----------z-z-__
2 -3 3
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2x1x2 + Fy  y- 1 2 + 2z1z2
case  q

zdld2

x1  x2 Yl Y2 ZlZ2
=--

dl d2
+q-q +d,d,

= l,l,
+ mI.m2 + “l”2
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a1a2 + b b
1 2 + clc2 = 0

n’?fIilU  6 . 3 . 4 kllK~6l

P,(  1, -2,3  I b&a:: P2(2,0,4) Li3wwU  L2 hpl3

Q1(5,-2,-l)  ua::  8,(-1,6,-l)

“?“sn? s~iuawdaU%lwiUanU  L1 &I 1,291

~~luauudnuhlluanu  L2 &I -6,8,0

cos 0 = l,l,  + mlm2 + n1n2

= ( J-- I( ++ ( L )(0)
Ii-5 Iii

-3 + 8 1= = -

5I-K .rx
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6 3 2 3 2 6
-9 - 7' - -7 7 Ma% 7s ?a ?

t&N1a4~8luqn A,B ~~a&~&~~~~d~u~~  C,D pS?o%i

a. i A(l,Z,l),  B(2,4, -1);  C(4,4,0),  D(3,2,21  *

8.2 Af5,-4,6), B(Z,l,-3);  Cc-7,2,1),  DC-5,3,1)

8.3 A(-1,0,-5),  B12,6,-3);  C(4,-2,0),  D(l,-1,7)

6.4 -dWl~llEl~thIUi?~ (Equations of a line)

1 5 2 MA109



4 P(X,Y,Z)

YL
PO( x0,  Y0 f z;)

.
4,Ii 6.4.1



x = x0 + tcxl - x,)

Y = Y0 + t(Y,  - Y,)

2 = z 0 + ttz 1 - z,)

~i~iiuuduni7?wiTqJ
x - x 0 Y - Y0 z - z 0

= =

x1 - x0 Yl - Y0 z1 - =0

7rr?unj7~Sw~~nlluu~l~~l~7  (symmetric form) iTiwStiduniauw

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

x - x 0 Y - Y, z - z0
=

a b q c

iiiiabiiawiisans  a,b,c I&J~F!  rdu b = 0 ~~%idunla
x - x0 Y - Y0 z - z0

= =
a 0 C

61 a = 0 uaz b=0dc#0 duniaik

x - x 0 Y - Y0 z - z0

0 -0
=

C

iae?il~  6.4.1 79Wi~UniaL~U~aQ~klUqQ  (3,-l-,2) rsaaikxdau

udjRaiidni9  5,4,  - 2

?iinY ;Jini=hmia x = x 0 +  a t

y = y0 + bt

2 = z0 + ct

wiii (x0), yO,zO ) &I  (3 ,-I,21  Ma= a,b,c &I 5,4,-Z
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x = 3 + 5t

y = -1 + 4t

2 = 2 - 2t

kdl4  6 . 4 . 2 7~w7dunTssfh~~eiwqa  2 :aZa (2,-1,-l f ua::

(-4,8,3)
x - x 0 Y - Y0 z - z 0

tiorn-ba~nl -. =
x1 - x0  Y1 - Y0 z1  - z0

x - 2 q Y+l z + 1=-------
- 4 - 2 0 + 1 3 l 1

x - 2
1 =

z + 1
-q--= Y  + 4

k-mi~~  6.4-  3
y+l  z - 5

-1

~.m7niiulrh

Y - 4mmL&=  5
z + 4

q -------

-1

~~uauu&a&inl-amn-!  Lx ?io 3,-2,-l 93uauudnGidni4

na4 L, iTo 3,5,-l ~

(3)(3)  + C-2)(5)  l (-1)(-l) = 9 - 10  + 1 = @

MA 109 155





6 . 5  7ru3uhll~~ii  ( T h e  p l a n e  i n  Space)

nq$Jn  6.5.1

Atx - x0)  + B(y - y,)  + C(z - 2,) q 0

/
P(x,y,z)

------/
I Pa!  X0tY@‘Z0  )

i

A(x - x0)  + B(y - ys)  + cc2 - 2,)  = 0

;11niloln71A(x-x,)+B(y-y~)+C(z-zg)=  0

iahb4al~
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tiSlfll=J  Ax + By + Cz + D I 0 hia D = -Axe - By0 - Cz0

bihdun7aialtiaovdmu7u

1 5 8



n”XIdl3 6 . 5 . 4 WMlduf17aa~ulu~lu~~1  (2,3,0),(-2,-3,4)  LLa::

(0,6,0)

“?“sn3 ~l"ti%lf~l%idti  A x l B y + C z + D = 0

%aUl¶Ie;lU~6l (2,3,01 ; 2A l 3B+D=0

261 c-2,-3,41 ; -2A - 38 + 4C + D = 0

3" (0,6,0) ; 6B +D=0

t.&=iun7%~~d1u q-‘ai A = - f , BY;,

3x + 2y + 62 -1230

bXil4 6.5.5 Wwl~unla~M1&iluq61  (0,3,-Z) 66aanulun'~

6&ws9 L l,Lz &iiv?uauub"Gh-l.!  l,-2,2 66 a ::

-4,5,1  swa'ltiu
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?&i3 tWllTS~lAl¶l~n  A(x  - x0)  + B(y  - y,)  + C(z  - z,)=oi

Afx  - 0) + B(y  - 3) + C(z  + 21 = 0

6w%l~~l%sulY~ul¶GY  Ll ~9~ulau"%9~~9~1n~Y%~~l~~~

a1fGim  L2 Gas 7~1;

A + (-2)B  + (2X  = 0

A-2B+ZC=0

%-ulIlaulufi¶l  L2 %9~~+ruauudnGdn-~9 -4,5,1 9zaEi

(-4)A  + 5B + C = 0

-4A + 5B + C q 0

d%llW%~Ul¶J%l f Bx + B(y  - 3) + ;cz + 2) = 0

4X + 3 y + z - 7 = 0

nt&jmii 6.6.1 ii1 8 &~U4&79%x~7U  Alx+B1y+C1z+D1 q 0

bbaz AZX + B,y  + C2z  + D = 0 ssia

'AlA + B;B, +cc I
cos 9 =

Ry< IA;  + :;'+  C;
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I AlA + BIB2  + CICz  I
7in c0se  =

1,;  + B; + C; IA;  + B; + C;

l(2)(3)  + (-l)(2)  + C-2)(-6)1= -

j( 2 12+( -1 j2+( -2 j2 h 3 j2+( 2 j2+( -6 l2

16 - 2 + 121=
(3)(7)

16
q

21

52 - 6 52 6
x = = - - -

7 7 7

9z + 22 9z
y=- 14 z-=+2

6 22- -
x +

7 y-14 z- = z -
5 9 1
7 -14

%&I
6 5

x=-- + - t ,
7 7

z q t

⌧ l 3y -z+l=0 . . - . . (6.6.1)

2x - y + 22 - 3 = 0 . . . . . (6.6.2)
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7x + 7y + 2 - 3 = 0 . . . . . (6.6.3)

ii?&4 6 . 6 . 4

2x - 3y + 52 - 11 = 0

5x + 4y - 6z + 5 = 0

4x - 7y l 82 - 14 = 0

IaunianGicadi  y 1184 2 dumau7n7zXi

23x + 22 - 29 q 0

n$ia y  moshwdi  2 uad  3 7axi

51x - 10z - 21 = 0

utidawrdtmii  x  uaz z  7=X

x = 1,  z q 3

unudi  x,z Iu$ufm  7aIii  y = 2 ’

y&ih~nmm~  %I (1,2,3)
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nq¶t$In  6.7.1 %~U%ll9  d s-lnqa  P1(xl,yl,zl  1 l¶lis~~ulu

Ax + By + Cz + D q 0 iid1r?i1h
IAx, + BY

d q -
1 + cz 1 + DI

lA2  + B2 + Cp

PO(  x0, Y,,  z0 I !%¶yl

?
P1(X1'Y,'Z1)

%,"  6.7.1

.x -x1 0 Y, - Y, z1 - z0

A = B q C
= t

x0 = x 1 - At

Y0 = Y1 - Bt

z0 q z 1 - ct

3@ PP, Bf+mml  i&6 (XO'YO'ZO ) m~n~mwdm7-i7~um
A(xl - At) + B(y,  - Bt)  + C(Z,  - Ct.)  + D q 0

Axl + BY 1 + cz 1 - A% - B't.  - C2t  + D = 0
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(A2  + B2 + Byi + Czl + D
+ ByI + Cz + D

t =
1

A2 + B2 + C-2

bwa-i--i~  d ~~~=JWI&I+TIH+I~  pl Lbta:: PO

d2 = (Xl - x0)
2

+ (Y, - Y0 I2  + (2, - 2,)
2

- (it,? + (Bt)' l (Ct)2

z ( A2 + B2 + C2 )t2

d I A2 + B2 + C2 ItI

_ ]A2--jy2  + c2  lAx1  + Byl + CZl + D’
A2 + B2 + C2

lAxl + By, + cz : DI

=
]Az+ B2 + C'

ii-mil~ 6 . 7 . 1 99vmaflai93iny ( 3,1, - 4 ) ?&S~CWIU

4x + y - 82 - 7 = 0

* BY
GhY qlnpa

lAxl
d z ~

1
+ cz

1
+ DI

rA2
2

+ B  + C
2

udi (x~,Y~,z~)  &I (3,1,-4)  32~lti

14(3) + (1) - at-41 -d = - -  7 1

l42  + l2 + G812

112 + 1 + 32 - 71=
9

3 8
=

9
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Uudn%iI  6 _ 4

1.

2.

3.

4.

5.

6.

7.

a.

9 .

l?3AlllCjlu~R  (2, -3,5) ihmtoaiqn  4,-1,0

?~uldlU~6i  ( 6 , -7,4  1 ua~muiu~ua~uiGi+a

?aulYthyl C-1,2,3)  u~=~QPI”~uL~M~?~~~~~~~~I~~~

(5,0,-Z) Ma=  (4,1,-3)

15FmlUiluyR  (3, -5,l)  uaa:4oln~llr~unas  x  =  - 1  +  zt,

Y = 3t,  z = 2 - 4t

~~ulukivd~a  t-1,2,0 1 uazmuiu?iurZhaas

x - 2 Y - 1 z + 3=-•_-
2 -1 4

amlhqa  ( 5,2, -3)  MaXIMlMiU?3AlU  3x-y+2z-10  = 0

lJUlUhla=Mrr  3x + 6y - 22 + 1 q 0 iiminpnn’iaiiaaih

~SU3ll9  5 wliau

10. hy~  (0,0,0),(1,4,0)  t&a’: (0,2,5)

11. cilU?R (3,-4,1),(-l,l,-2) Ua::  (3,2,1  1
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12.

13.

14.

15.

16.

17.

18.

19.

20.

89wl~Qi6k~unaQL~ww74 3x - 2y - 42 + 7 = 0 uarkhm9

X y-z-z+1-=--------
-2 4 3

6x - 8y + 122 - 60 z @

4 x  - Y + 32 - 3 = 0

~suda&7zul¶l 2x - 3y - z - 5 = 0 bba::

-6x + 9y + 32 + 2 q 0 rdUl¶GiU

~9Hl%~U=nl911n3Rr~~9%=U7U

17.1 (5,-8,0) Iti;< 4x - 32 = 2

17 .2 (4,1,-  3 1 IL&S 6x - 2y + 32 - 9 = 0

18.1 2x - y - 22 = 5 , x - 2y + z = 1

18 .2 3x + y - z q 1 3x + 6y -, 32 = 8

=m+in~uaos 3 7aAl’u

19.1 x-2y+4z+4  = 0 ,  x+y+z-8  = 0 ,  x-y+Zz+l  = 0

19 .2 3 x - y + z - 2  = 0 ,  x+2y-z+l  = 0,2x+2y+z  - 4  =  0

19 .3 3x-8y+7z+l q  O,x+Zy-z-3 = 0,3x-y+Zz-4  q  0

3x - 2y - 62 = 0
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