
=  fndx2  +  fxydydx +  fyxdxdy +  fwdy2 dx2 = (dx2),,.:

=  fndx2  +  2fxydxdy +  fmdy2
dy2  = (dy)2]
f f

;;7r*tiioum~~ xY=  YX 1
(4.2) u l d⌧, v 1 dy , a E f

xx ’ b E fyyh z fV  [ = fyx]

t8??:a=&tf?t?h  d2z  = f*dx2 + 2f
v

dxdy + fyydy2

quadratic form q

(4.3) q = au2 +Ehuv f bv2
Y
fl'Xi%lf'Pl'ilJ com)oLeting  the square ll?l%Rl  (4.2) %i4i!

2hvq = a(u2 i --g- u c
2

s

= a(u2 +=u + h2v2 + iI2 h2v2
a 7 a-7

2= a(u + 2%. h2v2
a

+a2
)+(b-2,5 Y2

= a(u + h Y I2 + ab - h2  (p)
ii a
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Q = a(u2> + h(u.r)

+ h(vu)  + b(v2)

R~mtn~~ulJ'l~~u~llw4 matrix multiplication I;;xO

9 = [u v]

Determinant 9104 2X2 coefficient matrix D3 a h

I I

o= 6lENnojn:uflnl;tr?
h b

llf&l extreme value WQz l&l maximum II% minimum fi conditionlijd

flUp)gN4.2))

1 positive  diffinite (z
'

negative difinite (z maximum>

k lH.,/  ~&I First - order Hessian Determinant

&l&J first principal minor WJ determinantD  W H2
I I

determinant

oh& Second - order Hessian Determinant. &~"&

B h Ii?8 f fw
X X

h b f f
u YY
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km;?J  1) 'W&l q - 5u2 + 3ut + 2v2&poeitive definite I!%

negative definite

Y'l&~n?~h~ft'  discriminant XN q %l 5 1.5

1.5 2

&I principal minors "Rn 5>0 ua: 5 d.5 = 7.75 > 0

1.5 2

LIWl:tl&  q lb positive definite

2) ffnm  function e I fhd6i wo( dqrn -iunction  fp.: -2,
fVfl &azf m-1

l ☺☺
WI&? p1 $I d2*l& positive definite &I

negative definite

m function hhlUn~~ descriminant llW d2z %I

fP f
w

-2 1

=
fY= f 1 -1

YY

&fl prinicipal  minors &

IH,I = -2 c 0

/H21 =I-:  -1 j = I>O
~WKl& d2z l&4 negative definite

5 Extreme Values of Function. of Three Variables

WJ~u'  objective function lhMJ~Uhiitn)t&T:  3 h? LA

e = f(x,* 49 5’

da take total differential L&J objective function 1 mzl~6d

(4.6) de i: f,dx,+  f2dx2  + f3dx3
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(4.7) F(~,x,+~,x~) = 0
.

Lf'l@lU'WWl  partiai derivative l&l

fj, r aL
-QF/axi (i = 1.2.31

aXi *F/a.

G$flklt;l&lll WW first-order condition of extremum

&ltlKL& 'i c'itil f, * f-2 9 f3 1 9Gm$&a, 0 -F/-xi  = 0il

9711 first-order condition rtWwWH+~U?olWr  critical values

Wlqobjective  function 1; mArwtwG&  critical values dLtVhll~In'

lkritu maximum Mi?O minimum L&NLMcritical  values IfihWU;na~~U  d2z

lt&Lf7%'lfMWll?l  dZz &t&J  negative definite, critical values i LY7

fi'I.l?Dilklk~~:Llb  maximum value of the function ll&~Y$Tl~Ul'l~d2z  l%l

LitiJ positive definite, critical values %i%l?oil;;i;o=lihl  minimum value of

116

the function

mhwu& d2z%tifU  positLve I& negative definite Wtlhlnl

fid l!7:Mfllf6h%l?I%Lf'&  take total differential &% (4.6) d?&

EC215



( 4.8 1 d*z P d(ds) = w dx,+e~~+b(de)dx3

-I -2 a=3

=
+.

(f&c, + f2%  + f3dqMx,

+ 2 (f,dx,+ f.&+ f3dx3  4
=2

++
(f,dx,+ f2di+  f3d.x3)  3

= f,,~~+f,2dx,~2+f,3dx,dx3

+  f2,%dx,  +  f22dx;+  f23dx2dx3

+ f3,dr3dx,+f32dx3dx2+  f dx*33 3

(4.9) kldllf%lldl~ a,, H f,, 9 a,* ,= f,* ( =f2, 1, a,3=f,3(  = f3, 1

a2* 5 f2* * a23 s fr3 ( =fp 1, a33E fT3

Y = dx, ,u2 = dx2,u3tdx3 t:~i  q E d2z

(nym&  (4.8) d~tOL~UUt~"'ltbi\;;ilo

(4.10) q '= a,& + *a,2u,U2  + *a13u,u3  + *a23u2u3  + a22uz  + a33$

&du three - variable

(4.10) 5?umr~*I~ul?u

(4.11) 9 = a,, (u,

quadratic form LKI:  thhl, completing the square

EC215 117



+ al1a22  - 92

l ll '% +
alla23  - a12a13  tl

PIP22  - al2 3
>2

+ a11a22a23  - a11a23  - a22a13  - 53a12

alla22  - al2

+2a12a13%3(~3)2

,
97n (4.11) tt?kn~ neceseary  - and - sufficient condition

&~#Upoaitire  definite ntN q iliki

I> all> 0 [that the first coeficient  be positive3

2, alla22  - al22 > 0 [that the aeeond coefficient be positive 3
(a,,  > 0 already)

3) the numerator of the third coefficient>0

(a a,, U-a12b0 ma41

&JiJRTll.lWlULAliil~7 all three principal minor TIM (4.10)  rhnn  &I
ID,/  i al,>0

/D2/ = ':: ; >O 11Bs

I

all 92 a13

ID31 = a2l a22 a23 > 0

a31 '32 a33

h7lJRfGiil~lll  YNWl~tRtl(4.11)'LfT&  necessary - and wffiaient

condition blllfinegatire  definite nfl-4 qilhjiT

1) a,,<0 [that the first coefficient be negative3

2, va22 - a$0 C that the second coefficient be negative3
(a,, < 0 already)

3)  the numerator of the third coefficient<0

(a1 la22 - a,2> already)
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positive definite (z  minimum)

d2z o=iih

i

;;7

negative definite (z maximum)

b,h  ~H2~~O~~~3/)o

IH,h  /H.&o; /Waco

4-4 IH,I*(q~=  /q &principal  minor of Hessian determinant

97n (4.8)  Hessian determinant *rm

fll f12

IHI  = f21 52

I f31 '32

f13

f23

f33
I

fll 52

I

Ire 1% 1 = xi

f21 f22

+i+lW  Wtyl extremu8  value (a)  %iQJ

z i 2x; + 4x2+  4x; + 4x3  + 3 + 2

killill LI?hhW%l'l Critical Value SflDJz '9711  necessary condition for

extremum ~~&U &L&J  set 1; first partial derivative 16ElJpi

,,?I&
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*1 = 4x, + x2 + 5 = 0

*2 = x,+8x2 = 0

*3 - "1 + 25 = 0

dtWdihudUfnYdti?U  homogeneous  linear-equation syektem  UfKL iifl  *J937ww

du*ttituadt~kk (independent) (kh determinant of the coefficient wtri+

doea not vanish) tnrw&L solution tP&l equation ayetern  &Al

rwfl x, = x2 - x3 f 0 fiuul'ilfl LM X,*X2*f bhM&dlU~Yi

o'namZ;Lt79ZI~ Critical Value nfN  4 &Aii2 (ii&,-  t 2) lmr~lll

t&it&W&l critical value 904 c iMU maximum U% minimum 4-4 1M

~fUtlp?n Second-Order Condition (Ii%eufficient  condition ) I&#

nn Bnction ~~MU~II~L~'N? Hessian determinant &I

ill 112 *I3
4 11

IHI = f2, f22 f23 = I 8 o

*31 *32 *33
7 0 2

&ii principel  minors hjup

&I = 4 ( la21 = 37 * pi31 = 54

44lJ,%& principal  minor8  are all positive Lnt,:~~~d~~~;C;7Critic~

ralue(E  = 2) ll?U  minimum value of e

6 Extremum  Values of Function of n - Variables

htriil
"

objective function ~~:lMUWXl choice variable hwnln Ib

IlWkWl maximum I& minimum WJ function iihllnofn~n~n&ukhn~

function lkOfdl kJ choice variable L&N I,2 I&l 3 fh & ~&4hQl'l
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necessary condition(first-order condition) UX sufficient condition

(second-order condition) 8W function thdl;

f+mmi function & 2 = f(x, , x2 . . . . , XJ

9711 function da IV"n7mUBI UUULt'ltllllV0Il'I  total differential 64i II

(4.12) ds = f,dx,  + f2dx2  + . . . . . ..+fndxn

44 rdol;;riblllmll necessary condition(dz = 0) first-order partial derivative

(f, . f;! . . . ..fn  ) Wk~kiil~~  (zero)

fhMf'Y stlfficient  condition l%llY7 take total differential L&k

(4.12) W&d22. &D$tl@iW n - variables quadratic fornUfG%!  Hessian

determinant &I

fll f,2 ..".fla

IHI = f21 f22 . . . ..f&

fill fti  . . . ..fm
I

iq n principal minors ~~F&WkW~ihU?fl~tul?l  critical, value cf z )=L ihl

minimum &&n principal minors flL&lWlUMiil~~~  first principal

minor ~~f&l~~~LitUuBU  critical value of 2 ihi9~Lihl maximum

&&r&a@  cbnditions ff--lfll  maximum tdio minimum YIW

function  $&nnt,~ti  4.1 ;;?dwi!
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Conditions for extremum: z = f(x, , x2,...,x n)

Condition

First - order

Second - order

Maximum

f, = f* = . . . =fn=O

( o r  dz t 0)

Minim

*I =f2=...=fn= 0

(or dz = 0)

IH3~~O;IH4~. O;... ,

(or d2% negative definite) (or d2z positive

I definite)

7 mt~,~;7d~dnu~~~nn~urnti?n~rmrmtsn

(Extreme  Values of Pnnctions  with Constraints)

7.1 MfHl  critical value (First - order Condition)

A. Substitution Method

&I&l Objective function kMU& *rm

(4.13) a = 4 x2 + 24

UZConstraint hlbllnl;: 6

(4.14)  4x, + 2x2 = 60 & 44 +2x2- 60 r o '

nn (4.14) bfm?lJ-i  "2  = 6o - 4x: = 30 -2 2x,

u&l x;2 m--hi  (4.13) dn'  u =x7 (30 - 2x, ) * 2x,

= 32 4 - 2x:

&3&l?  mm critical value G$ml.r&~~*&~r~hlilfllJ  set 2; partial
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derivative ddiiqli Kd

eu-=
-l

32 - 4y1  = 0

nlY?mAJ x, = a

UlnA  x, a&J ( 4 . 1 4 )  ,&-il  x;! = 3 0 - 2(a)  = 14

uMup;I  7 ~0::  5 aqlu  ( 4 . 1 3 )  9rli critical value U P 128

2
uar.umA  BD = -4Lo LW?%& critical value U = 128 hit

9

constrainted maximum of U

B. Lagrange - multiplier Hethod

-ph&ild* Iagrange - multiplier method t%mdiiulh

conatrainted-extremum  problem lklilU@ (form) tl?:yi?l~  first-order

condition && free - extremum problem $w‘vQ&~I'I~~~~

qqU objective function Ua::  constrainted  function dniuu*l;lu

section A8fl U = x, x2 + 2x, uas 4x, + 2x2 - 60 = o fWa%Jlt~

d?w,orluu,a~~~~~~d~~~~,~U~,,  augmented objective function 1%

(4.15)  B = x, x2 + 2x, + A ‘44 + 2x2 - 60)

h(the  Greek lambdaJLIU7&  undetermined number &&JU'II Lagrange

(undetermined)multiplier  ;;7tf787U?f"ni?UIL~'ijl~~~'I 4x, + 2x2 - 60 = 0 0%

8 l%r1wliiiJ  u 12;; &iLiiL;RzfhU li& I;nnYY;?Lf~?U?fP~~~BJ(convert)

constrainted functionU~~f!;?U@lfN  free - function 8 rt7axrvnG%mf

Bq critical value $84 free-function i;J&klXl~~IIl section UQU 1 W

l&q critical value '1If.N  B ~~~s;ll~AU~~
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e, (iae/ax,)  = x2+2+4h = 0

(4.16) B2 (aas/aX;!)  = x, +>A = 0

5h (raEI  /a& ) = ,4x2 + 2% - 60 = 0
“.

9711 (4.16) LYvsVurm  solve solutions $kJ#

x, = 8, x2 = 14 IIIP,’ A 5: - 4

1d*M&-l x, , 4 ttn:: h n\ilu  (4.15)  ~no:‘l~  B =128 &km&u~&x, , x2tte a

%AiTdlL*m~~lJ  x, , X2 LL~::  II lusection  A ~JJ$$&

B.l GeneralimtiOA

%fllfWJ3  &grange - multiplier method

&llli!

d!.lJ?~;?Ob  jective function %lklUun~&l

(4.17) = f(x,y)

UCconstraint dtilnu:~l;  %I

(4.18) g (X,Y)  = 0

~fldlll?S~l%JIl augmented objective function~kl

(4.19) 5  =  f(x,y) +  hg(x,y)

~&BI~%$,-$?~&I  (necessary condition) fMih-m47  critical value '1843 i+k
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ax = fx+ hg, = 0

(40  19) B =
Y fy + As = 0

P

4 = g(x,y) E 0

1 fwnfumf  3  TEN  ( 4 . 1 9 )  f&3  c o n s t r a i n t  ( 4 . 1 6 )  l&N twtw%*ttSuuZjn9 d

lwhll;;;? critical value of augmeted functionB1&I i~tiMIlJL~EiU~'Eifl'd~  constraint

*aq function 3 &l4w"Lsudu;l,lilf;;?  he(x*s)  z 0 LlWt:Q&critical  value

5ifN  BlU (4.19) iJlWln'y critical valuetlm 3 IU (4.17) n?olGkx%  (4.18)

B.2,a - Variable and Multiconstz*aint,  Cases

&lU?l'hobjective  function b

(4.20) 2 = fh,, 5, . . . . . xn)

u’o:  c o n s t r a i n t
.I
nri?iunit; %I

(4.21) g(x,,x2  . . . . .(  xn  ) = 0

~~~Lf?'rl?OI"a5Ql~tlllaugmented  function ltYi%

a = fJX,,X2'  . . . . xn) + g(x,'x*2 ) . . ..Xn)

&&Qln~,lu  first-order condition '$%JQI.I  (n + 1 ) '&f1~6$

% = f,+ hq = 0

a2 = f2 + hg2 = 0

. . . . . . . . . . . . . . . ..ee..**

an  = fn'hgn .Ll

5h = g(x,*x2,  . ..*1  d-,1 'I 0

EC215 125



‘Lund * ‘I”- hinwn  WI constraint function wwin1 4 function 1 r4h

l&fTlr Lagrange-multiplier method InY~lri; 1~UP;L~JLf?L~iltiplier

l;;wlnk%musiurum*ilJ  constraint cl~&J#llLk%LO~

dll&'l ob jeotire  function dniw*~&  ( 4 . 2 0 )  uns  c o n s t r a i n t  ihmm

6% (4.21) l&Z  (4.22)

(4.22) h(x,,x2,  . . . . . . . . xn> = 0

~mnlnfnt&ll augmented function 1itid

= f(x,,r2, . . . . .

ghu firs:-order  condition

xn' + xg(x,,y....,xn)  +/u h(x,,x2,-xn)

9&huaumf~wn  (n + 2) aumr i%

'i = ii + )ig, +//Q hi =i  0 (i = lr2,...,  n>

Bh = g(xp2,  . . ..I s’ = 0

Y = h(x,+, . . . . . xn> = 0

;d4 L?WWtQ  solve a7~41oj  ‘i( A U% y 1;;  G!fnf,r;l~~$~Llu~*~~ll

-ented  function iTWInY  constraint critical value WUJklW~t

C. Total - differential Approach

ddi objective function %I

z = f(x,y)

lundnaq  free extremum analysis ir7likhr&7u  section (4.5)  ;?

neceesary  condition %I

(4.23)  dz = f,dx + fydy = 0

Lx Ua: dy %&i diazhfi&~mn~~  (arbitrary  variationa)
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dwlb?i;?  constrainted function h-imln~~~ dX,Y) =

(4.24) dg = gxdx + gydy  = 0

,~,Wdl  dx ll% dyh (4.23) W$n constraint hJ (4.24)

necessary condition $l?M% constrainted extremum

da = 0 (4.23) subject to dg = 0 (4.24) 9%?nl?  scjlve

(4.24)  ~!'?M'lhlUd?~U (4.23)  Lt'ld&

(4.25)  fx = 3

gx gY

LWf?“&l  (4.25)  %riftd necessary condition for constrainted

0 filti

extremum VW
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0 s Cfxch + f,4>  d x  +  Q$-Cfx dx + $4’ 4

=
I
f,dx+  (fwdy+ f "d9)

9 8X
&

3

+ foxdx  + (fmdy  + fc ‘4 )rdl I 4
X f,dg + f+iy dx + f @%!a k

Y 8x

fJ *dx+ **a,
L I

m f;yd(4) = $d2y

lW%U&  d2s 5lkdfl

(4.26)  d2s = f&ix2  + 2fs w + fndy2 + frd2,

t&Wi con&mint  5hMll*I;;iTo  g(qr)  = 0 lIlt~Q&  k-0 IlW

d2g = d(dg) = 0 i;l”%‘l&&b’l,tn(4.26)  Lt& d2g fiii

(4.27) <d2e - 1 t3&.x2  + 2gv dxdJ+g dy2 2
rJ

+gdj=O
7

Solto  (4.27) L&m & l&O&l d2r dhl  ( 4 . 2 6 )  WI& d2z

quadratic form iktd

128 EC 215



f
d2. = (fxx--j!

f

gY
gxx)dx2+2(f  -1,

xy By XY ) dxdy

f
+ (f 96YY- $37 ) dy2

Ll'lt'l:Qdii d2z = (fxx +&g=) dx2 + 2 (f
*y +h& kdJr + (fyy +Agys)  dy2

;;?Lf'lM'l  second partial derivatives ?'%l (4.19)  if'W1a

(4.26) d2z = exxdx2  + B&x dy +Byxdydx  + 0y#y2

;fj coefficient 904 (4.26) ~;;p?nmrtake  second partial derivatives A%

augmented function l3

n&+zuon;7  extremmim  value 38.1 5 = f(x,y)aubject  to g(x,y)=  0

maximum& minimum l&ka;fiil second-order condition b d2z ;W?u

negative definite &r& positive definite ?~&+W'Rl~~R~~~~~~~d2z~

'fl~;,L,,~ranS~KlniMun~,aoj dx uaz dy ~;;mu?-J4i*lJ  uAk;oJn7*nmrmaJ  d% ua:  dy
. I

'L;+til;,im~~likn  ds = O(4.24)  5&r,%l~1~~7

Fer minimum B : d2z positive definite, subject to dg = 0

For maximum B : d2z negative definite, subject to dg = 0
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B. Bordered Hessian Determinant

‘Lufdimi  fr
Y

ee extremum analysis I& second-order condition

1U@D4 determinant *~~'Il%Wl'l Hessian determinant izhCi..unfi~ec

4
constrainted extremum analysis lY~tilli'lRll%JU Second-order condition It;

D~~u@lfi~ determinant ~klL&l%%  &I determinant dLf?L&Ykl  Bordered

Hessian Determinant

1BU?&ilj'lMDW~~%VRi-?~$l~ Bordered Heasian  Determinant Y@lGrr?

J!??LLRf%;definiteness  plD4 two - variable quadratic form, subject to a

linear constraint GkklIJ  iii9 Al

q = au2 + 2huv + bv

QliiHu"l;rP71&

subject to du c pv

: = - ("/f 1 n

=o
99fl conetraint ?!~rbLMl~UYiu&d~~U9  9:

W?l; q l&l function ma t&J&i$i~(q  as a function of one variablexd

positive definite I&lL?kl expression luw rt

ij~f&munu~huan~~~:  4 9: tih
4ae  d

negative definite DRDlzI?l expression ‘hn~ LB

7rll~~4HU1uLl?u3UPY

k&IWwI symmetric  determinant

0 6
P

&ah = 2h441  - aPL - bat

? h b

&~A,*% - cap - f2h@. +b&
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satisfy the equation&u  + 1 v = 0 LT%i'llJ'lfDd~~~&'l

q is
1

positive definite

negative definite 1

0 6
P,

iff da h

i

CO

' ~~Lf'li%Lnfl  Determinant If Lf?'%&lI  i ' t [ l%'Lbdiscr~~inant

of original quadratic f0rUl Uaz d,b $fj coefficient 4104
.

constraint function GlitN

il1 DLS'I apply frV"?LfV%I&~&r&XiiJ  d2z IU (4.26) LW'~::L&~& u

Gh dx ua::  v ti%a  dy i!UQzl 0 constraint #lfi’lW~?;t94  (4.26) %I gxdx+gydy=O

second - order condition k!

Positive definite O SC gY

d*z is
CO

iff gx % 5q
>O

Negative definite 5
gY YX

a
YY

Determinant O gx gY
Y

gx %c Bxy
Y-4ul,$?  Bordered Hessian

z 5
gY YX YY

value BDJ 0 = f(x,y)M%

'41'35  0 = f(x,y) +.kg(x,y) 1"
.4

M, LfIf%lMU'lU%lQ  Bordered Hessian  determinant
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4
l&i+& /ii/  Zhfmmanuijuraan critical 9alueflD-I  5 lXl9:S& relative maximum

'" - 4
u~M /HI ~lBf8-1WMUlihla1~  critical value384  0&9::& relative minimum

c. xl - variable case

L&I objective function fl&qd

5 = f(x, 9x2 ,.....,xn)  eubjeot  to g(x,,%,....,xn)  = 0

*&$&critical value WI\)  ~9::LiIl maximum I& minimum (second-order

condition) nindd*i&,fij84wnvqa4  d2A tbmlyw?~ti?um  mi%.nSinrti  43 tt

function flpq  choice variables r$~ 2 6 &-3-Wf1  d2z '%q?U@ quadratic

form of the variables dx,, dx2,....dxn  subject to

( (dg= )g,dx,  + g2dx2  + . . . . + hnd”, = 0

11 d2z l&l positive definite &I negative definite %W%Ln?l~fl$8J~tl

%1\1 bordered principal minors of the Heeeian

&W& bordered Heeeian tltiwu*@l;l;;  i% '

0 q g2 l .**ni&

IHI = g, z,,  z,2  . . . ..Zln

g2 z2, z22 .....Z2n
. . . . . . . . . . . . . . . . . . . . .

8, zn7  Z&  . . . ..z.

.

~~WUI?TC$~~+I~  bordered principal minors 6%
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c 91 g2 0 g1  g2 93

I Is = .q z,, 212 p,\  E q 3, 212 7-93  etc

g2 51 =22 82 z21 z22 '23

2 z31 '32 z33
1914  bordered principal minor bqflk pin,1 1YlGll  \Ti/

lurid n-variables case i! conditions for positive and negative

definiteness of d2z i%

positive definite

d2z is

I 1. i

Iff lii2b  /q, ..+p

negative definite jii2/>o;  Ii31co  Iii  J>o;  . . .

1trlswt  4.1
Conditions for constrainted extremum : z= f(x,,x2, . . . . . x,), subject

to g(x,,x2,...,xn)  = 0; with % = f(x,,x2,...,xn 1 +hg(x,,xp..,xn
)I

Condition Maximum Minimum

First - order 5, = e2=...=  en = isA= 0 81 = E
2

= . . . = =n ,gfi = 0

(or dz = o, subject to g = 0) (or de=o,  subject to g= 0)

Second - order \ig>O;  IEJCO;  lrrJ>o; Ir;,l Iii,/  +.t Iii&o

(or d2z negative definite, (or d2z positive definite,

s ubject  to dg = 0) subject to dg = 0)
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