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Propositional calculus
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Faoons veailse Toad laiidhu proposition®

(23 qr ¥ 1‘1 AL}
LEOHIUT NN

AILULEAA proposition annganansldTasnminadlueda ¥ 1e1na 1933994 propositions
4 v
RIS
“John is cold and wet”
annsoRviran i
“John is cold and John is wet”
9 ¥ ~ ) . 0 =)
Flinsfinsanaudiue’ 1wea proposition 114 2 nadl An
Compound proposition AR N1IRII proposition R 1AA1IN ST proposition 8ot 7
- 0
uny
Simple proposition A8 N1IWITU proposition fliAssdeuniou compound proposition
ﬁﬂﬁsﬁﬂﬂgsﬁmﬁu compound proposition
LAW 3 (truth functionality)
- The truth value of a corspound proposition is uniquely determined by the truth value of
its constituent parts.
B0 N 3RV 150118 1917712593 3984 compound proposition 111 14 IABMIAIINIATAIIY

] 4
953948 9UTIA simple proposition ﬁ‘i'mﬂut‘]gh compound proposition Wi

3.2 Propositionat logic
0 formal language ﬁak‘ﬁu myaFuIraa propositions Tao WEf 484 propositiona; logic
1Y naa I A PHMZ Y09 TIN5 9 (fruth values)
A18H19UB4 propositional logic
ALPHABET = {P,QR....P,.P,..., A,V , T2 &>, )
SYNTAX :
SENTENCE = “P” | “Q” | “R"| ... | “P,”, “Q,”|...| “ -~ ",SENTENCE
| *“(",SENTENCE, * V ”,SENTENCE, “y
| “(",SENTENCE, “ A ",SENTENCE, *y”
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{ “(",SENTENCE, “ =2 " SENTENCE, “)”
| “(”,SENTENCE, “ <= ",SENTENCE, “)”
152 Tenwes proposition logic TR EAE
PVvQ
—P
(—~P=> ——0Q
M3 interpretation Y840 1R I0E1T] e
P.QR,...0zudnsds Afiidiuess voq simple propositions
ALV, ,=>,< 92N U180 9 connectives symbols 'ﬁl‘ff‘ﬁgw compound proposition 911
simple propositions ﬁuma
nsfmuannueialidy compound proposition 1%U (A <> B) ewi'fuoqﬂumum simple

o o
proposition ‘nmmwannu fnimsuﬂn’lmﬁmuﬂmmnmavm compound proposition ﬂt‘lm‘i

19 truth table
A (A) A
T T T
F F T

AedretveIMsHmuamneTe WAy simple proposition

A B AB AVB | AdDB | A©B
T T T T T T
T F F T F F
F T F T T F
F F F F T T

Ao N1519 truth table fimunan1nU 972 WY compound proposition TABIT 19 UEAS

Thiudenmuiiulidvesns dmuammmunelungng nsdl
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gegne n13 19 truth table uamananiin )19 Tudmuanunune ves

“1(PVQ)=Q)
P Q (PVQ (PVQ=Q —~{(PVQ=Q
T T T T T
T F F T F
F T F T T
F F F F T
Connectives

—P  Goniuilu negation voa P
PAQ Funinilu conjunction ¥84 P uae Q
PVQ Huniuilu disjunction ¥0$ P ua Q
P=>Q Goniuilu implication 499 P u0z Q
P<> Q Suniuilu double implication Y84 P 1ag Q
Negation
&1 P nuiude a2l ue3 1904 proposition, —P s maefanTudumsves
proposition 1fu 199U proposition
P = “all cats are mammals”
—P  =*pot ail cats are annimals”.
Conjunction
VSaN3 “AND” 1iues 19 proposition finsAMusannunNIY 2 961 15U
P = “it is rairing 40 ¢ Q = “John is wearing a hat” ﬁ'ﬂf'u P A Q = “it is raining and john is
wearing a hat”.
Disjunction
wu1edans “OR” tues PV Q szannsofmuanrummne ldmileududinny

iFue39983 compound proposition “P OR Q OR BOTH P AND Q”
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ﬁ"lﬂ‘ig‘,IUﬂ P = “John drinks tea” ¥ Q = “John drinks coffee” PV Q = “John drinks
! ' 4 4 4 &
tea or john drinks coffee” ¥41U1BAIINIT John AU A M5B John B19ANYT NI BAUT SN LN
woza 14

Implication

table Wufie A=> B szifiusie dle s A ung B iTueTe nie tile A i Tned B oy
334 niolumed 18

FafutseTon unnfiugler= snuiuld ezdanutdindunnysialunssl
Fanant s e iduauiinves formal language ustllunmuduae lums 1w
Double implication

P> @ szidhunia dorts Pz 0 Wuvss wiaidovis P uay Q huste vfudle <> oz

ol =y A 3 9 o T o~
annurueiuesald devs 2 nilaedaden

3.3 Classifying sentences
sz loaungdannsofanu idedismnivueui@usacue vie oaue Suiles
gL U (A V 1 A) wwdiusaaye
(AV = A) izdluioue

v
Tautology Antlse lantiauduaimesaeaus dwiunsannuluyng davvesdss Temiu

U (AV —A)

Inconsistent A U5z ToaRtlautuanududmuaus Tasliaulstemiiuesiwnsdiusos
¥
sz Tontiu 1 (AA — A)
. - ey <2 =] 4 o VJ Vs o = 4
Consistency fi0 1133 Toaniiauihussa nie s 14 Susgiunhmusanumued uandis
[
fuldvesanvoase lontiugy

—{(SVTD=T)
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3.4 Semantic turnstile
(-] 1 A d‘- =, [} _
&rfmun nduisz Ton puazilelafiamd pdiusis Hohliiselon w dtusiekan
L] 1 A
15108121447 W 15y semantic conseuence Y03 P n3odouidiu p |=w Tao 1wT0eMuY |=

]

56071 semantic turnstile

f’m_ﬂ:uP,P:mF Q

P Q P=Q
T T T
T F F
F T T
F F T

5192 1 &1 p uaz P=> @ st @ fexfusisdae tunsdlh pflunguilsz Teaianealdr

P ‘=w szieu1Rifly i=w viufe w szdluedslunnnadl wWufie w il tautology tiutes

3.5 Equivalence

sz Ton 2 152 Ton eeillu equivalent 51!.!?13Lﬁﬂﬂﬁ’lfﬁﬂ']’lmﬂuﬂ?dﬂlm‘ﬁﬂﬁﬂd Asefiu
2161407 interpretation N0 N1 €1 A 1 equivalent 7y B saz@ouluglvesnialy
metasymbol 1Adflu A=B
#pt (P=> Q= -1(PA —Q)

Fauana1dluzvea truth table

P Q P=2>Q —Q (PAQ —(PANQ
T T T F F T
T F F T T F
F T T F T T
F F T T F T
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3.6 Proposition calculs

51 8nd1adan iy formal language 18 propositional Togic ttaz s Iamue
e Wsennsouaasmnnudiueiives proposition 111472 (1aoA13 14 truth table DT W)
#an1383u7101a0 truth table i @ w1 ofirsminis I umao iy propositional
symbolS 1ﬁnﬂﬂitﬁﬁtﬂu1ﬂ15 wu 313 propositional symbols 2 #2 fiB P uaz Q mafiua

' ada 4 A4 a
ﬂ'lﬂ'nulﬂuQSQ‘nlﬂﬂ‘Ju WONTUIA truth table ﬁglﬂu

P Q
T T
T F
F T
F F

FadummesafideiuflusssueaTaoialy udedrelsfan Sus5in1314 propositional
symbols W28 §2 41319 truth table A vz TivuiaIngjifiu 'ty @eifia combinnation §9 2° 1fu
104) e propositional logic sﬂumu1ﬁ1ﬁ1ﬂuuuffug1u1unwﬁ 913011 proposition UA2 AIAD
s ReanIside Ms1¥na'lna deductive apparatus e IdiRan 5 Timanatusesuidiu
seduTnseerdas (syntactic level) ¥oen 181 (Ropouiims Wnumunoiues)

N3 L“ﬁ;n deductive apparatus Wiy propositional logic ‘ﬁ’ W15 14 formal system %‘u
1114 Fa3r9zen propositional caleulus TuvmzAimausaldnnnlag lunsuansia
proposition 1#(1uﬁfrl‘§1!,ﬁﬂﬂ propositional logic) sifeundenld deductive apparatus 189

- P H o ] R
Alfauiu daiuluinils1eeidenld deductive apparatus Ni3n77 natural deductive system
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] ¥
N4 (rute) fild1u deductive apparatus azdludadl

\ - introduction
A B

BAA
A\ -elirmination

AAB
A.B

V -introduction
A

AV B
-—- ¢himination
——A
A
—> -elimination
AL A==>B
B
<= - elimination
A<>B

A= BB™A
<= - introduction
A= BB A

A<B
< . A v
Tau A uaz B mnsdy proposition aathadvs simple L0 compound

ﬂglﬁﬁ‘t‘&ﬂgﬂugﬂﬂm metalanguage 86194189 Taongezgainiteemiiu 2 dau daw
WBuasluuuaean daunuszlsenaualsussanlss luadng daudisezdsenoudan
sz Tondivalse Tonder Tnssadrsdenaniiinammneie dusiiss Teadaogdauun
udusiez 143z Tendruaradlu immediate consequence U usn sniEinsdede W

at M d’ A 4 = A L] g
fungmariitie Iifuddreda debingiiuinid
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SUHUUH UUUIRIUARIRYINUNIT n'muﬂﬂgﬁmmlﬁmzm AT AT9R connective

»
b1

b 4 b -’
symbolS ¥4 5 #1818 A,V , <> uanninfiszuuiilifing1d akiom udz¥nghfieglu

-y o
AINGI theorem
fpEN1IIINg
DERIVATION 3.1 | M99
PAQ l— PV Q
DERIVATION:
1 PAQ premise
2 P 1, /- climination
3 PQ 2, V - introduction

» » 1
1NN 119Ny M fuerygg U (derivation) WinAsudraez i ud Taoia liluds ms
:
. . Iy [ o Qs el . &
derivation 92 Tyl Wude mvzdesldnnunneuyag TEneediins derive ol ld

= ¥ &
HARATUNTMRBNINTTULILDY

DERIVATION 3.2 G RER
P.Q(PAQ) -R |—R
DERIVATION

1 P premise
2 Q premise
3 (PAQ=>R premise
4 PAQ 1,2, A - introduction
5 R 3,4, = - elimination
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DERIVATION 3.3 UerAIn

PPEDQ I‘Q
DERIVATION
i P premise
2 P> Q premise
3 P—=>Q 2,$<=> - elimination
4 Q 1,3, = - elimination

e . A . . v oAl Y
nnu1e4e 017117 assumption ¥11F FeeziPun13 1401018013 derivation 109 aifgafy
) « . o . g A 4 4
premise udntala 11314 assumption 1M derive N 1 1AM TIRNIZINIL 93AWHgN
dmunT4iihu assumption A15NNIIUYS assumption sedBsegnisluveiua (SCOPE) Wufe
. = ¥ 4 @ alat o o £ al% o o d ‘ﬂ
assumption szilvevwams IFamGunInuIiaRlnsdmuaiudun 1gwmdaussiamily
Ao 4 . w
nnfitiusey 39 assumption v2dvagn 1dnieluvewavesiuyiniu
i A ar o o
ngnmIvosiums 1 assumption SsdesiinsndoumiasIiimiizeon fmuald s
] a - . & v
nuoda ursedss Tandeq frumsfuouuAgiuenda A uaz B du assumption H164

= ) ol Vet
muslussuwanfmuangnlene

V - elimination

S; A I—c,s,B l"C,AVB
C

= - introduction

S,A I‘B

A=B
—1- introduction

S, A |‘B,S, A }*1B
—A
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#20819 DERIVATION 3.4

WUAANTI P—> Q,Q—P R '-P—) R

DERIVATION :
1 P=2Q
2 Q=R
3 P
4 Q
5 R
6 PR

’ = o
THEOREM 3.1 Hgum

premise

premise

assumption

1,3, = - elimination
4,2,- ¢limination

3,4,5°2> - elimination

FPAQV (PARXQV R)

PROOF
1 (PAQ)PAR)

(PAQ)

Q

QVR

(MPAR)

R

QVR

QVR

W N

L =T - - - T ¥

CT 488

(PAQNPARY=(QVR)

assumption
assumption

2,/\ - elimination
3,V - introduction
assumption

5, A - climination
6, V - introduction
2-7V - elimination

1-9 - introduction
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DERIVATION 3.5

HARI

DERIVATION
1

b

3
4
5
6

P==>Q I‘—I(P/\ Q)

P=Q premise

PA—IQ assumption

P 2, A\ - elimination

Q 1,3, - elimination
-1Q 2, A\ - elimination
—-1(PA Q) 2-5,—1- introduction

¥
Fret1ailifiudantems proof by contradiction

DERIVATION 3.6 Haaeh
P,—P |‘ Q
DERIVATION
1 -—1Q assumption
2 P premise
3 P premise
4 =/ -Q 1-3, —1- introduction
5 Q 4,— - elimination

o L] . L] £
A2DE19904N13 proof by contradiction Sn@aetanilafe

THEOREM 3.2 Agaih
"P VvV —Pp
PROOF
1 —(PV —P) assumption
2 P assurnption
3 PV —P 2,V - introduction
4 —(PV —P) 1,V - introduction



5 -—P 2-4, — - introduction

6 PV —|P 5,V - introduction
7 ——(PV —P) 1-6, - introduction
8 PV —P 7,—1- elimination

DERIVATION 3.7 HErRa
P=2>Q |— PV Q

DERIVATION
1 P=2Q premise
2 PV =P theorem 2.2
3 P assumption
4 Q 3,4,— - ¢limination
5 1PV Q 4,/ - introduction
6 —P assumption
7 PV Q 6,V - introduction
8 —PVQ 2-7,V - elimination

19 proof 4aY derivation 11§ 1WA BYH1 31111 YL proposition symbols #14 #2e6105u
theorem 3.2
"PV —P
mamsoldse Teafiiu compound proposition unufidaydnualfi1§ I theorem 1Hiufe
‘r' P=>@QV R)V 1 (P=(QV —R)

M5 derivation SpgUuuLNdafiansonse 14D M31inen derivation taT sudaun 14y
1371 derivation veegUuuudu ude fusiil s |-w waz1318189%1013 derive BnFU iU
nitsdaedaty s meurodheda w 18 Taohideauanei 18 W wisdials mafigmi

. aa '
1119 uns proof uaz dervation Hi3un31 “lemmas”
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#2081¢ DERIVATION 3.8

A7UA DERIVATION (#38 lemma)

P2Q |- —PVQ
warneh
RV YT V) (IRV SV (T VIV W
DERIVATION
1 RV S)=>(TD V) premise
2 RV V(TS V) given derivation (lemma)
RV S replace P
T <= V replace Q
3 (RV SV (TOVIVW 2,V - introduction

3.7 Consistency 102 completeness
propositional calculus Sfaasia 2 Uszms A ldisiu Ry formal system 12 Towl
en)
1. consistency
2. completeness
FeosuoRdeid
Completeness
&1 P unwdsgavostlse Tonuda 13192 14791 formal system Slu complete TaoRe13m
vinmsiarumnne fudelafand p I=W 15118 P I—w Huftedusdmuanunue
Wiy P uaz w adrslimawa 5192 18mauaisuiulunisf1mua syntax 14 formal system
YOI
Consistency
1 P manefieyausalss Toauda 5192 1891 formal system iifu consistent Tasfiorsan
vinmsI¥Arme dudelafand P wudause 14 p |=w Thudfesannsondn 1
fus1e12150 derive LU0t IdBd1adunsms fszeusald aumuiedy

' A oy 4 o & T
ﬂfﬁﬂ’lﬂ?glﬂﬂﬁfm"] ﬂﬁﬂﬂ']‘“f}qwq1]3u1ﬁ1°ﬁ‘3ﬂﬂﬁiﬂﬂﬂ']\1lﬂﬂ']ﬂ“1ﬂﬂ
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] ¥
ot ARoafY consistency T Ifi:1eFuionumuIsye M3V derivation Tu
propositional catculus 14 WuAndus1a1m130 derive Tugdluvyves wiegldhp l=w #u
] ¥
Sufte dwlszTendanuauss P gadmunasmuoldiduee Usz londie ves w ez

3947

3.8 Reducing formality
HRYE4 completencss 112 consistency ¥ 11fa 1w onldeu sz vdwms proof
. , g 9/ P L) 5 L e 3
uae derivation Y84 syntax 1 113 A mmuedusTauazfudi sn13 semantic Aviu
v
wequivalence” Wannsarinnldluanumunodsil
v & « A H w A
$1 A=Budr e ldA |=B ae B }:A FIHAADILBINATUL IO UMIDININN
QA o
fArueruiiAves completeness HAD A I-B uaz B I"A e
v o g Y . a . . s w @ A 4 o i 1
faTudmiuyne equivalence 934NA derivation FauRusMuRaTuuenien M i
v [ & o a o . . [ A
4181 1 e a1els Tuaeiildinan1edaluns proof uae derivation DUBININN
1 4
Equivalence 7 uwnﬁﬂymzﬁmﬂu well-founder knowledge
ADNNTY
. -~ ] ;
theorem 2.3 ATMUA equivalences (AD lemma ) an 14l
A>B=—AVB Uz {AVB)=-AV—B

Ao
le=ave=p

PROOF
1 P=QV(P=Q theorem 2.2
2 P=Q assumption
3 P=>QV Q=P 2.V - introduction
4 —(P=Q) assumption
5 —(—mPV Q) 4,by given lemna
6 ——PA MQ 5,by given lemma
7 -—Q 6, /\ - elimination
g —QVP 7,V - introduction
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9 Q=P 8.by given lemma
10 P=2QV Q=P - introduction
11 P=QV Q=P 1-10;- elimination

o o 4
NN proof Tudnvaeibitlfisrannso@ean1sld muth table Tumsasteniudiy

934 (tautology) IFUMIAIINAOY
&1 I-A 93audn 1519z 18 |=A 93997

ANUFUNUTTZNI19MT proof AL derivation musodmualudnyusvey =

fa I'B udus1ey 1891 !'A:> B uazd I‘A:> B ud s fezld A I-B

3 4
anghumiteFathulss Tomidwmiuns sz Tonlugilves AB Ade

#20819 DERTVATION 2.9 (vacuous —> introduction) HaAIIT

—P I-P =Q
DERIVATION
1 —P premise
2 P assumption
3 —-1Q assumption
4 —1—Q 1-3, /- introduction
5 Q 4, - elimination
6 P> Q2-5,= - introduction

e msveuldiswi proof 136 derivation Mitulseloalugl A=> B &idles 3
msfiimualugyd — A Videwud Taoa lidosmilsilagthse Ton B vos udedela

RN X150 TUNIIR 191498 reduce formality 10 &1 £ 8¢ well-founded
knowledge wazn131hwnvean1s derive 1115 unsdifimunzan foilu3insiaiunsie

<4 a RN q a v o
il undnmand ﬁmam‘smﬂuamwm'lnmmsnum16’1wdﬁ%nﬂmmﬁmms1§
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ar ] - o & . . ' :: o o 1
quuuufend12@eiinis proof 17 derivation Tmifisnua adiamaasiee hinawuuiu
A M e d A o ot
inspailefitivsz lomimitoudasuilegiu
ﬂQLﬁU’Jﬁu equivalence Tu propositional logic

Commutative properties

AANAB=BAA
AVB=BVA
Associative properties
(A/\B)/\CEA/\(B/\C)
(AV B)VCEAV(BVC)
Distributive properties
A\/(B/\C)E(AVB)/\(A\/C)
A/\(BVC)E(A/\B)V(A/\C)
DE MORGAN'S ruleS
—(AVB)=—AA—B
—(AAB)=—AV B
Double negation property -

—A=EA
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