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4 s4 
6 b n o i C  wuiunt ~aniril#ilqlwi fhziumou 

(An algorithm is a step-by-step method of solving some problem.) 
2' 

P?nnoiiiu uuoyriu wrinuot in~aiplnn~i dunuinffi@bluiain8m~ifims" 
B 

nnFiaiclou?qimoi lunimipcnlanuuotilq~ni rtozgn ns::riinis ?mu n o u h ~ o i  pcn 
;X 

~anuuu~otoiuiu iiIuditYu iuuthmouditq o d i t ~ n b t  

1 
3.1 fin¶J$¶JoP&l4 (Introduetjon) 

o'ansi iu  wu1uii-a lam vat di8tdit7 ?mu!qwfiuiii? wn& k d  
n ~ 1 u ~ d o . r  (precision) ~UPIQU61tq dinum!f~n8ot 

B nq1ulfiunutodi-a (uniqueness) pcniiwa' uotwin::hmou uotnirnszriinir 

r d o  msdi6m (finiteness) Qnoiiiu out# nQo~n dikt diu~liuinmmn a i h  !# 
funisns::iinis 

5uqn (input) P?anai$u iu5uqk 

lflk;$3!d (generality) P?nnoiL dssynfi#?h irmuotBuyn 

n i o d i ~  otw"aisan P?n'nnoiC ~1tditd 
1. x : = a  

2. if b > x, then x  := b 

3. if c > x, then x  := c 
B d se Ku 
r t w i  n'iuinnqn oin inuniuSiuqu a, b ilnz c naiu5muot6nnos~uuno 

mrmq lau in:: biuqu imzriihlui ~i iu ini lqm !d hulls x idoau~nnoiBud 
w dei I w K  

x  azt9uiaum~nuniuiniqm Iuaurnumqu 
4 6 6  0 d ,, G n s d  y := z wu1un.r ni8iiui 6ivo-a z l dn  y ("copy the value of z into 

y) w j o  iinnuwuiuiniouh "~muC(n'iiloglju uot y oY?un'iuo~ r" ("replace the 
1 ' 

c-nt value of y by the value of ;') i ~ ~ d l 8 4  y := z ~~0~::Y/iff11 riii~o-a z !d 
d 1 dnuuudnt mdun mso-awuiu := 41 nifinutm6i (assignment operator) 



9, cY doWoziinmcl%iiuii6ana?W"u 4icmuu nrzdlmr d ~ u o c  a, b iiaz c nrilcls 
Y 

nir8iaoeiiu.~1 1?iui7 Z u n i 1  ni%miol%aa (trace) 6uh.~iirn arsluGi~ 

a = l  , b = 5 ,  c = 3  

u x r h 6  I Id i d ~ i d ~ i h ~  a [X = 11 

f l 5 5 ~ d  2 b > x [5 > 11 i%do?e 
Y 

~ ~ o d ' o d  %# x  !dlidl6ll b [ x = S ]  

~rs l imd  3 c > x  13 y 51 ~?~uiGtl 

l i b c d i o z l 5  k i u  x  rriiiiu s [X = 51 
4 Ad * .aciSuinvnumuini4m uoc a, b lmz c 

do!d Q89tf~u6i l  a = 6, b = 1 !in: c = 9 la83 trace 6nno?$a1 

Tdrm3cin~li1 6anoiiiu 6 ~ o d i q d  i i qo lnu~6nru~ewn~~ in i~a ! f~~c&u 

~unoudlcq uoe6nno?h &cf'i~~m!a"~n&oc ~ u f l o u i ~ c q  uoq6-~od1ad 

nil?!$ gnbcod~ci~utwniAo9..R*6ano~iiu mu~rniZuu&--m r n ~ ~ l d r u n r u  iinznr-vh 

n1r1; #3uin~ocnouw43imoi 

ri~wumri~dicq uoctuyn iidnzXnnu uocQno?% ~n'wnciw&Suwieod~c 

6aoti1caJu i~wumei~  

a = I  , b = S  , c = 3 

usrw'm4 2 m c 6 a n o ~ 3 ~ 6 ~ a I j 1 c  x  ozfji1ii16v s 1ii1 oz?#~u wyo i~$oc  
- 4  d nouiaimo; nrzdinis 6nnoswu nmlu 

Y 

6ano?w"u ovas w ~ c o ~ n ~ u f l o u  61uauuino~ic616m %.R*~1flou6ufi1niu 6ao6ic 
Pa d a h  &nornu; ou w5to ln  dimu$umou iiaz I# n ' i u ~ n d ~ m  unc inumui~uau  d 

r i~wunld 

QnoiGu <u Buyn nnz Id idiyn ~ n n i n ' u h o r i i c d  ?u BuyniSun '~ uoc 

a. b iin:: c iiaz 14 idiyn iSu n'iuoc x  

&noPC & o e ~ f l $ & ~ ~ d  6anoPiiu 6aoci1.r m u m w ~ c i ~ u ~ n i ~ m  uos tau 

Z T I ~ ~ I U ~ U I ~ ~ ~  (any three numbers) y 

w dd 
I. oci"uu Qndt iu  MI r ru i~nm3nun13oui~  rzwiic a, b, iiaz c 

(Write an algorithm that finds the smallest element among a, b, and c.) 



.,dell 9 d 
2. a.rti°luu Qno?n"u ni nu19n~lnuniuounq~ idu thCiuno.r ain a, b 111: c TRU 

rmu l i i  61uoq a, b 11I: c lihri~ 
(Write an algorithm that finds the second smallest element among a, b, and c. Assume 

that the values of a, b, and c are distinct.) 

s~nm! din% o'anoiiu (Notation for  Algorithms) 
e o. r~Mi  uitnR niuiar.raaiii (ordinary language) UL.IIOL~U.I ~ I H ~ U  ti°l~u&i- 

noTCiu u i  rinnor̂ mmnmf ita:;nnoun̂ -xaoi biululnn aou .i~%fltlu (pseudocode) 

~u'o.roin n~iupn#o.r. 1ns.rrth.r tta:n~iuiduainauo~Gu (because of its precision, 

structure, and universality) 'l*i%J~ d 6 n ~ m Z l ~ d ~ ~ h & ~ 8 4 $ ~  Ihfl#lUfiU 3gfl 

8?9 (Td3li f l~~~) V 6 9 f l l P l l  1 4 ~  Pascal 1 l I Z  C 3gfli%J0~ d ').ftllU t l6$$~ (versions) 

Algorithm 3.2.1 Finding the Maximum of three numbers. 
9 del 1 ci 

&mo?n'ud Biumtaunurnuinnq~ uodiau a, b. tm:: c (This algoridun fmds thc 

largest of the numbers a, b, and c.) 

Input : Three numbers a, b, and c 

Output : x, the largest of a, b, and c 

1. procedure max (a, b, c) 

3. if b > x then // if b is larger than x, update x 

4. x := b 

5. if c > x then // if c is larger than x, update x 

6. x := c 

7. return (x) 

8. end max 

pr '24 a a Qno?n'u$i.rnuu u aot3o.r (title) ddiotu~uQno?bodi.rrio 5uynila:iiYiya 

uoGandn'u iitleld54i~0; &~~.~IDU&U 6lkddlll (instructions) U O P ~ ~ ~ " O ? ~ " U  



n i u ~ u ~ d r ~ 6 n o i  u1.rflf.r 1rio:ldmvC/u53% (line number) 15 - 

T ~ U ~ W  1nr.rah.r if-then iildituu kd 

if p then 

action El  
A KI i.rouIu p ifiuai.r, action o:gnnr:dmir aa:mrnauqu o:itW& &n?iu 

84 $ll11W&l action 

81 u p u nimququ ozdrldk Uonaiuk m i u ~ f i  action VYUG 
d onni.ribcnnds do Tnr.rnkd if-then-else i Z % t u u ~ . r d  

f 

if p then 

action 1 

else 

action 2 

81 &UIV p duai-a, action 1 ( Id t i  action 2) ognnr:$inir iia,-flim?uqu 

k l d k  $on?iu& mian% action 2 

XI ~ O U I U  p 18~6$0, action 2 (IdW action 1) ~ ~ f J n n ' l ~ d l " l ~  66Ei'Znl3fl?UflU 

ds%du's $8n?1~& nian% action 2 
A A or6$ui? lsll?? don31 (identation) 6 ~ 0 6 6 f f ~ . r i ; - a  9nmu~ . rd iq7  % ~ ~ ~ : ~ H M J ~ Y U $ U  

~ f i ~  action uono ln6 i~?  81 action +i:noul~i?U #onnu& waiu urrGm (multiple 

statements) irlku (delimit) UOPI?IU&IH~II~U #-ai?Udiil begin 66n: end 

~ % J B ~ N  multiple statement actioi 1uljonaiu8.r if 

if x 2 0 then 

begin 

end 

CT 203 





~duluatiu lu Uonaiu84 if nd& XI action drznouhu Uonaiu8~uinnii ~ $ 4  

1 I d 
Q ~ I J  (multiple statements) 81 61;~ ~ ~ I ~ I ~ I U & I M ~ I U  x?u(/,'~ begin lm: end V4O: 

Algorithm 3.2.2 Finding the Largest Element in a Fite Sequence 
a4 K A 4  1 d d w  K Qnornuu h~i~nununiurnnq~ ludigu s,, s,, . . ., s,, iaoryuu I# while 

Input : The sequence S,, S,, . . . , S, and the length n of the sequence 

output : large, the largest element in this sequence 

1. procedure find-large (s, n) 

2. large := S, 

4. while i 5 n do 

5. begin 

6. if Si > large then // a larger value was found 

7. large := Si 

9. end 

10. return (large) 

11 .  end find-large 

n, iigdau"mw^l~~ Gunii for loop l#tYuiirn imzdoun!4 l/ iinu while imp B~I I IUU  

for var := init to limit do 

I action 



mu'ouh bon?iu$r if aa while ~d dndi?~iii#? 81 action d'l~f10~8'3f.l ' 

B 
multiple statements i f l i i ~ ~ b o n ? l ~ & d l r ~  #?~(/ljl begin i I r  end ills for iJd Q f l  

nrniimr, action arpnnrrlhnir diwiun'idirq uor var 0117 init Br limit ~ R + R  
dB el 1 

IQU&~ init liar limit 1 9 ~  ~ " W Q U  T901~1119~ d l ~ ? ~ i 6 h l  
~ & i i % t ~  hidl var ~IHUR 1 L S ~ d i  init, 81 var l limit nrrdims action e i n h  

'6dr~1?rinfiii 81 init > limit, action or!d!#iunirnsrdinis iidodir1~ 

Algorithm 3.2.3 Fidmg the largest element in a finite sequence 

Input : The sequence S,, S,, . . . , S, and the length n of the sequence 

Output : large, the largest element in this sequence 

1. procedure fmd-large (s, n) 

2. large := S, 

3. for i := 2 to n do 

4. if S, > large then // a larger value was found 

5. large := Si 

6. return (large) 

7. end fmd-large 

del a lunis~auihnoin'u$u u'ounfr naiun'finul no ii&ailqwi~ri% ooniflu 
A A 

i l&vid~uq :rid W ~ ~ R U U ! ~  Wr$ i~o/  wdrF ~n6mui~uu-1  1XCu niri1Kilyv1 

idarciudou vkainifu ~ ~ r ~ ~ o i i v r i i d  r?aibi#aun'w IWIOI~UHD~(I~UI#C~ i lqjviir 

i;u 
dell muSi i  diornirQno?n'u HI iiu?ulawir rmnilioutiq~ 9 4  u inni i  h.nui8u 

d 
u ~ n n d i w u ~ M  (to fmd the least prime number that exceeds a given positive integer.) 

B a r  &pi 11wu~ d iu?u i i fuu  n 1 diornirvi i i unnawx  p .rrlmmUYou$g~ 

iiar p > n 

fiiuu'rilndw~&onih norilqnidou, ifuarn~muihnoin'u ~ d o v i i i  ~IU-JU 

duum w i r h  i 9 ~ 0 i u ~ u ~ ~ w i z w f o l d  ~ i n i f u  14 g a n o i ~ d i d o w i i i u ? u i a w i ~ d i ~ u  
d d g ~  $r uinni i  diu~uiihu?n T~~IHURW 

/ 



Algorithm 3.2.4 Testing Whether a Positive Integer is Prime . 
04 d &nornu; n~rrouii biuauihuan m iflubiu?ularnrwfo!i , i&yn 1914 

true #I m mo biu?u~aw:: 1lnrl6ign iflu False h m l i l d  biu?ulani:: 

Input : m, a positive integer 

Output : true, if m is prime 

false, if m is not prime * 

procedure is-prime (m) 

for i := 2 to m-1 do 

if m mod i = 0 then //i,divides m 

return (false) 

return (true) 

end is-prime 

call proc (p,, p,, . . . , p,) 
A lun p,, p,, . . ., p, nuiu& oiiiia~~u6 ddJk pmc 

Algorithm 3.2.5 Finding a Prime Lager Than a Given Integer 
d c i  B 

6no3%u< HI Biuauiam:: innaqc .a4 uinnii biu~uduu?n n 

Input : n, a positive integer 

Output : m, the smallest prime greater than n 

procedure large-prime (n) 

while not is-prime (m) do 

return (m) 

end large-prime 





iQM1: (prime) ~%11aj'! 

7. a~i4uuQnoiiiu iuldi6uu&dotiit 1 riuwi~iu~uiani:tiiW'o~d~~ $.ruinnil 



DIVIDE M BY N 

R := REMAINDER 

1 & 

M := N OUTPUT N 

N := R 

1 7 

v 

b 

STOP 

12. ~911flFlt%#1$~il 6 ~ ~ ~ ? % J ~ 8 9 1 1 ¶ . l ¶ . J ~ n ~ R # 8  11 f i l ~ ? f M ~ d l t l S  81 M = 6 Ling 

N =  10 

In. 6nno7M"u ustirudnir'~#o I I fi~u?f~s:l~? 
\ 

A 
14. atiluu5nno7tiu iu Bugn gtifluian3n6 uotn~iubfiuua' R ~in:n~nouii R 19u 

I 

f l l ' i f l : :#~~~f~!d? (Write an algorithm that receives as input the matrix of a relation 

R and tests whether R is reflexive.) 
A 

i s .  atduuQno?n'u iu Bugn rtiflu iudn4uo.r n?iut%fiu?ui R imzn~anuii R 

ifludfjnuuim~wfolJ~ 

16. atiluu6nns?Ciu $U Bugn 8 t h  iun?n4ust n?iuln'ua' R imznndouii R 

rfluiIsn"3unisloi.? 

17. at~JuuQno?M"a $U lugn k19u iudn4uot nmaL1Tus' R iinzlXi?igniSu 

, iuwS'n4 ust n?iu#uw'u&nw'u R-' 



3.3 e'pnb?S~nUy clan  h he EuclilYesn Algorithm) 

b n o i h  ~ ~ l d i ~ l d l m d $ ~ i h  i#lld QnoiCuol  ynB~ rhnh ni h w i r  

'~uuI~I U8J 61~?uihf896? 
d 

h n a i ~ u r n n  UQJ diu?uit%~ no~si? m anr. n (VJ IdiviitillquG i q i )  HUIU& 

~iu-aulirnl?n h o j d q ~  Qtnir m im:: n nl6?i?&d 

(The greatest common divisor of two integers m and n (not both zero) is the largest 

positive integer that divides both m and n.) 

d 81 a, b iln:: q i f Iu i l~?udu,  b # 0  RUM a = bq 1 1 1 l J R ~ l  b M i 1  a u46? (we 
u 

say that b divides a) ~ ~ n r i % ~ u k i j  b I a 

~ u n r ~ d  q i9u Namr (quotient) alr::~ufl b 41 f i a ~ l r  (divisor) UQJ a 

81 b HI1 a Wad63 6Uu~d  b t a  

Kanpiis 3.3.1 
A 

lWQ481fl 21 = 3.7 

k& 3 W 1 l  21 1 1 4 t h  i t U U k d  3 1 21 

wan1.i $o 7 

unQuiol 
d t  0 ld m im:: n 19u diuaudu iivriliiu guu n q  6~i?msS?uuor m im:: n 

WU~U& (iu?uiRu k HI'I m im:: n i l~s i? i f~t j  h i l ~ i ~ i ? ~ ~ i n  W U ~ U ~ ~ J  6?i?~i~iaudij  

c i ~ l ~ n j i ~ ~ ~  UQJ rn an:: n A U U R ~ ~  



d % w  A d  r 
luau manmi uinirp iio 15 , tvn:adu 

gcd (30, 105) = 15 

th a du~iuaut6ulran Iojlrlidinu, b tau Biuaut~uuan 

Lln: a =  b q + r  , O < r c b  

9::M 

gcd (a, b) = gcd (b, r) 

gcd (105, 30) = gcd (30, 15) 

ht'il~l'i 30 $ 3 ~  15 o:!$ 

gcd (30, 15) = gcd (15, 0) 

~ ~ 5 1 ~ ~ 1  gcd (15, 0) = 15- 
Y 

Algorithm 3.3.6 Euclidean Algorithm 
na d a &nornu; m hwiri~uuin uor diuauduuan idl4diau a ttnr b tuo a 

(This algorithm finds the greatest common divisor of the nonnegative integers a and 

b, where not both a and b are zero.) 

Input : a and b (nonnegative integers, not both zero) 

Output : Greatest common divisor of a and b 

120 CT 203 



1. procedure gcd (a, b) 

2. // make a largest 

3. if a < b then 

// that is, execute 

// temp := a 

// a := b 

// b := temp 

5. while b # 0 do 

6. begin 

7. divide a by b to obtain a = bq + r, 0 5 r < b 

10. end 

1 1. return (a) 

12. end gcd 

1X a = 504 iinr bS= 396 1~11d1 a > b ai81uld U S S Y ~ R ~  s iwr1~j-1 b # o 

ainifu tiuld u r r ~ i  8 i s i ~ ~  a = 396 iinr b = 10s ~ ' q n g u i ~ ~ u r r i ~ i  5 





5.4 ~r in~?f l l i%n&i  (Recursive ~ l ~ o r i t h k r )  
d A  el I~sGinoiliunh wuiuiit IJrGaor wlsun Ai7uiulo.a 

(A recursive procedure is a procedure that invokes itself.) 

~no?tiu+unh wuiu~r 6ano:LOjCiu 4.1 i1rzno~Ajt.1 Idr%no~unh 

(A recursive algorithm is an a~~orithm'that contains a recursive procedure.) 

ni~liun.Si i9u Giiuusrrlmbi Ibl6 nau-aiu Rou~il~wioiirq ulnrI*li  

i lqlnia~rd IIMu'IX InuW mniinnirid~llunt~a:~~iau% (using a divide-and-conquer 
B 

technique) rdilqlrn cz~nidtconlau ilqlnili;hq J.rduau'~duariu8~~ii;u (original 

problem) i 6da~~ f l l ~ id~u  gntdrdouoiold aunrzi.1mrdr:uaa.a hhaliw6gu i l q j ~ i  

Y 

iidnM8Glla n (n factorial) u'~i0~6d 

~ R I O  81 n 2 I , n! I ~ I ~ Y U  Haqa UD.1 J I U ? U ~ U ~ ~ H U R  rznj1-a I 8.1 n dau O! 

G~l¶J%ir'6h.l 1 

6! = 6*5.4*3.2*1 = 720 

Idwd~inslii itdnwotua n niuisni$uu %wrwouuosCaoJ'um (in terms of 

itself) ~'uZF) 



s * dY dold mttuu~noi614unh AIU~OIHI d l  ~idnnobufi ~ ~ I I D Q I ~ U U  iidmin 
Y 

arunisui.adi.aG1~ucsls.a 

(Next, we write a recursive algorithm that computes factorials. The algorithm is a 

direct translation of the equation) 

n! = n*(n - I)! 

, Problem 

0 ! 

I! 

2! 

3! 

4! 

5 !  

h f l b ~ % J  3.4.3 n15d1~3211Wlf'il factorial n k 

Solution 

1 

loo! = 1 

2*1! = 2 

3*2! = 3.2 = 6 

4*3! = 4.6 = 24 

5*4! = 5-24 = 120 



Input : n, an integer greater than or equal to 0 

Output : n! 

1. procedure factorial (n) 

2. if n = 0 then 

3. return (1) 

4. return (n * factorial (n - 1)) 

5. end factorial 

Y 

Kan78a~ 3.4.4 n1si1~aww1~aw1sia0~0~1n~1uu3un41 
Y Y  

~ano?w"adun4iii WI ~?w~sfaolpnn slsq 67u?u6hl Id%; diau a uaz b d o  

a 66% b I d d d l  pU&f4i (where not b o l  a and b are zero) 

Input : a and b (nonnegative integers, not both zero) 

Output : geatest common divisor of a and b 

procedure gcd-recurs (a, b) 

// make a largest 

1. if a < b then 

3. if b = 0 then 

4. return (a) 

5. divide a by b to obtain a = bq + r , 0 < r < b 
' 

6. return (gcd-recurs (b, r)) 

end gcd-recurs 



A 
1. 89 trace ~ZIfl0?$01 3.4.3 1918 n = 4 

A 
2. 89 trace 6 ~ n 6 ? f h l  3.4.4 1916 a = 5 IlaZ b = 0 

A 
3. 89 trace %lflFl?Wd%J 3.4.4 IOJO a = 55 lla': b = 20 

4. P-~I#~FIs 
I 

S, = 1, 

(Write a nonrecursive algorithm to compute n!) 



3.6 clal8J6JfbU~O4~~n8~$01 (Complexity of Algot4thms) 
-4  d ~driinr~clo~n'aimof l h i a i n  Qnornan~nkoc i i d l i u r z l r i i i d r z h ~  

d do dlnh ~u~II ~ l d l f l j ~  tljl i ? ~ l d d l l h  iio9d (run) ~dr lmru H ~ O  ~ i?u inuna i tS~  
A d s ,  iwotnuuoya hi idrldri inru aaz8u7 ~ d i u ~ u u i n ~ i i u l d  

W dd W dd nuoJZji f i inu~lH' 1~1191 x dnai3n n 67 nai3nui.rm-~umi~.r ui.rmand/i 

diodnirni6iu?uirrdouuo.r x .jJiirmi~nint~todirW'6ud4~nud.r~? ~ ~ ~ 6 j i t r i i ~ u u  

QnoiiiulirAiu?olirmdou knaRuo.r x ttX?ri l l  iardou ~.riirm~3n%t~.radi.r3ou 

I h r i n i u  implement ~ Z I ~ Q ? G I J ~ R ~  ~#i8u~drunrucloun'atm~s" do.rsinivmAii 

nui3n n 62 azdtamdou&naR 2" TR k i u  ldritnra 3.rb.rnirt?moii.ru'ou~q~ 2" 
K nrim lunimrzdi (execute) nu'wuo.ri?ai 2" ezduuuodi.rr?RBa ido n iidiain 

K 
uu unifu ido n i i d i Q ~  k ~ ~ . r t ~ u l d l ~ ~ # ~ s ~ $ . r l i l s t i n r u  

n i r f i i u ~ ~ 1 i i  wirifitmo~claiuniais~ UQJ ~d$ t t~~0~c l~0~ i?? im6 td  tSu.riuain 
e# dd 9e.d aazuuo~riuilabnaiuod7.r idu m$o.rcloun^?mornla ?aniriinu~d$ynnazldrttnsu 

' A  gntdalb~~dlkmr~~!8~ti~~!~ (Determining the performance parameters of computer 

program is difficult task and depends on a number of factors such as the computer that is 

being used, the way the data are represented, and how the program is translated into 

machine instructions) Z.rttfi~inirdrz0noldiitiu~u U84 d r % i i ~ ~ f l i w ~ o ~ ~ d r i ~ n r u  

h.ru'itoiilabdi.rq ain'siroliha rnmua~dtf ludrzluni o i o l l ~ a i ~ n  mritclnzd 

n+aiu~6uuo.rbno?Go~1?u 

t ~ ~ i i & ~ ~ % ~ i l ~ i 5 ~ n ~ ? M " 9 1  69uh%Ju~4$oya (The time needed to execute 
d 

an algorithm is a function of the input.) d ~ n l ' l ~ l f i ~ ~ l ~ I ~ ~ t G R i i < 9  UQd I ~ G u  
A  

nir3iwri::w'tFan~%i8~ na~1uZ.r n'5~tl?~f1it~69m'5iida~ t~odszu i~ ld i  t3ai 
A ' d 4  tm:: won v.r dii~ul .r l iAonrzdinir~ano3~"u 

(Analysis of an algorithm refers to the process of deriving estimates for the time 

and space needed to execute the algorithm.) 
g A 

fl31~$tl~8~~04e"an8?$91 MUIU~~S d ~ 0 ~ 1 0 1 ~ 0 ~ i ? ~ 7 t t ~ ~ i ~ ~ ~ ~ u ' 3 ~ c l 3 1 0 ~ ~ 1  3 3  

di t~uh.r%# tW8o nszdinis o'nno3M"u 

(Complexity of an algorithm refers to the amount of time and space required to 

execute the algorithm.) 



(We can ask for the minimum time needed to execute the algorithm among all 

inputs of size n. This time is called the the base-case time for input of size n.) 

trialalso oiani i~rnuindtp $ed~iflubiocl# i~onrzdinir QnoiCia 

(We can also ask for the maximum time needed to execute the algorithm among 

all inputs of size n. This time is called the worst-case time for inputs of size n.) 

c r d o  a4 4 d do nramnmqonociicn& 80 iaa1n5iilQda au1uB.1 ~ ~ ~ I ~ ( I ~ u M Q I ~ S U P I O ~ I ( % ' ~ ~ ~  
nrtvlinir bnoff iu uoc amdiiim uoc ~rr~ndcnanurrivl n 

(Another important case is average-case-time - the average time needed to execute 

? the algorithm over some finite set of inputs all of size n.) 

2 (actual performance) UD4n15 implement idriin'ia U Q ~  Qnofnlu azuuodiiu~a4naiu 
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K ~ s h d  1 nirtluwiriiu~nd~ tu disiUditiA, unGuiuiC/lfluinq I ~ ~ U W ~ U Q P D ~ ~ ~ ~ Z ~ I -  
d 

nir iio iiuauuo.mirliih (iterations) UQP while QIJ XIUUWGUIUU, worst-case, best- 

case iiniaverage-case dinfuBuq~uui~ n & n-1 IW'IIL~I pdn~~diniln-1 n&muo 
der  d d d8unf.a rnnula nrcurnqr H ~ Q  nr0il6diqr 9% m-alani nlbr:iiina uo.r&no?fh 

' J  
u'oanii ianiiiClqrnialddqr ~fluodi-alr 1d~uui~uo~5uqaw'uuu 

B 
2fu¶Jz$l wmt-case time UQP 6n'nnQ?fi¶Jqpl~~P 80 

2 
t(n) = 60n + 5n + 1 (1) 

Riwiu5uqn uuir n, Riniu n uuirlnaj lnou a n 2  IRU~IZUIQI QZ~IEU t(n) 

2 K  
o~t iu i i  niriwuruuo~ t(n) nhufih 602 Q P ~ F J ~ I P ~  XI % worst-case 

time diniu Buqn UWIR n #?undau iuii i (in seconds) rr!#ii 

h n n i r  worst-case times diniuBuyn U~IR n d~daudu uiq (minutes) u a ~ d  
d B a K  ~nirmdauulldas wdau (units) U Q P n i 5 ~ ~  ~119 lojdwntrq de, fli5lWuUW UQP worst-case 

diuii "t(n) is theta of nZ" 



illiuuiiau iihnrzdinrlid i ~ Q o u f i  ioun!c liuii~~zTuvu'r/rdnirJrzui~n'i Id 
p n i i  uoc niririt~oidji nayuniuao uinnii n'iricq uo4 .iriritmoiiwdiif nirdrz- 

K ~ i ~ l d i t d ~ ~  l48qj~n11d lo<ainqj ('big oh" notation) 

(Let f and g be functions on ( 1.2, 3, . . . I 

We Write 

and say that f(n) is of order at most g(n) if there exists a positive constant C, such that 

If(n)( 5 C, lg(n)( I 

for all but finitely many positive integers n. 

We write 

and say that f(n) is order at least g(n) if there exists a positive constant C2 such that 



rintd luldlluu f(n) = O(g(n)) l i un i i  big oh notation UQd f 

for all but finitely many positive integers n. 

We write 

f(n) = @(g(n)) 
,' 

and say that f(n) is of order g(n) if f(n) = O(g(n)) and f(n) = n@(n))  

~ U $ I U Q . J ~ ~ U ? ~ U  f(n) = n @ ( n ) )  I?Ufl<l omega notation UQJ f 

l l n ~  f(n) = @@(n)) 8Unjl  theta notation UQJ f 

. . 

1 + 2 +  ... + n  = o(& 

~unisni lower bound fiith~#u nsr~aunishdu ~tnz~~nuiiuaul~attdnr<a 1,2, . . ., 



%U~?ISNI lower bound 



ddd 
uni iuiu 2 81lbnoin'u cYocIif(n) wu'~uuacl3ni doau nrPtmMqm diwiu Buyn 

PlldlFl n ila% 

t(n) = O(g(n)) 
dd A i n l m i i  r-aaimnqnvcdioeW IruQnoin'u 19u &~uodicaindqm g(n) v i a  i3niii 

d q R k b c n i r I i  l n u  tbnoin'a iio O(g(n)) IuY/iuoeiRu~fiu 81 Qnof i iu  k c  
A I# t(n) nu'wuocimi inoau nr8addv diwiu Buqn uuim n urrr 

t(n) = O(g(n)) 
td A 9 mymil ~ ~ a r a n q m v e l a  1muQnoin"u 19uGu$Yu od iea1n6~  g(n) wio i3aiucid 

A 9 ~ w c n o c I 4  IRU C n o i C  iio O(g(n)) 

A 8 1 Q n o i b  cKoeIi t(n) nu'~uuocl?ai inoau nrriiladu fiiwiu auqn uuim 

n 11aE 

t(n) = O(g(n)) 

iriymii n a i n r ~ l a d u  #ocl$ IRU Q n o i b  i9uCu$Yu odicuindqm g(n) ~ 5 0  13.1 

(If an algorithm requires t(n) units of time to terqinated in,the base case for an 

input of size n and 

t(n) = O(g(n)), 

we say that the best-case time required by the algorithm is of order at most g(n) or 



that the best-case time required by the algorithm is O(g(n)). Similarly, if an algorithm 

requires t(n) units of time in the worst case for an input of size n and 

t(n) = o(g(n)). 

We say that the worst-cqe required by the algorithm is of order at most g(n) or that the 

worst-case time required by the algorithm is O(g(n)). 

If an algorithm requires t(n) units of time to tenninate in the average case for an 

input of size n and 

t(n) = O(g(n)). 

We say that the average-case time required by the algorithm is of order at most g(n) 

or that the average-case time required by the algorithm is O(g(n)). 

66 

~ n u n i ~ l ~ n u d  o 6i2u a rlar at mosi' #?u "at leas; IU P ~ ~ U P U I U ~ I ~ ~ ~ U  

sa A L~IQZM ~ ~ M ~ U ~ U U Q ~  best-case worst-case H?D average-case time U Q ~ ~ ~ ~ ~ D S M P J  c119 

1 9 ~  & h f i ~ U d ~  g(n) 

2 2 2 2 2 
60n + 5 n + 1  60n +5n + n  = 66n for n 2 1  

!'ill# c, = 66 nnunu^uiu oz1M1 
2 2 

60n + 5 n + 1  = O(n) 

IUBo901n 
2 2 

60n + 5n + 1 2 60n for n 2 1 




















