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(Introduction) 
1 

1.1 1JFl (Sets) 

1.2 ~ ~ ~ T ~ I L G w  ~IIS'~ J U L C I I W  (Set Operations) 

1.3 61~IJbli7Zfl19930~~D~ (Sequences and Summations) 

1.4 $ 1 ~ 3 ~ d u l m : m ~ m 4  (The Integers and Division) 
d 

1.5 $1 W ~ U ~ ~ ~ O J L I S I Z % ~  fID?w"¶J (Integers and Algorithms) 



(A set is any well-defined collection of objects called the elements or members of 

the set.) 
Y 

i f a ~ d i a i u  ramuo~rinfin~i~nnuluQu~uu CT 203, r.amvoqhnrzlum~i 

tfhnqu, r.anuoqiiuaua?qr:niiq o n'q I idub;u 

iamdiiuuim!.u'ln~111nde1niir.ami1n"~ (finite set) r~ioiuioiml~uPuuusiunir 
A A 

nui5no~rnulu inso~wuiua~~~~~Ynni  n u 1 5 n u d a ~ ~ a l ~ u ~ a u r n r o ~ n o ~ i u  rornma (,) a'o 

r . a m ~ ~ ~ n ~ s e i 7 1 ~ ~ o ~ ~ i ~ ~ i u i o ~ o ~ r n t o ~ n u i u r ~ i f i u  auiGnrdnztal46ntrrEara"n 

hod14 1 11-7 v iduiamuoqga~rzluni~11~qnq~ iiiuuii~d 

V = {a, e, i, o, u} 

pi?od1.r$u 7 idu .' 

3, 4, 5, ... 
R = i c l l ~ ~ 0 9 i l ~ a ~ ~ ? 9  (set or real numbers) 

Q = (set of rational numbers) 

. ludd Z, N, R ria:: Q Buniiimoriu6 (infinite set) 

g a d l a  2 14' A rdu~anuo~a'iuaudm i i r i i h u n i i  5 ~vuukd 

A = {1, 2, 3, 4 )  
4 dO, nu1uii.r i.an A inlnrnipla i;o I ,  2, 3 ira:: 4 {qiu A L ~ U I ~ P I ~ I ~ Y R  

v aJ vi?s~91nn 

(1) nlnJn'luramozEu~a"iiiuoeii~!s6!# k i u  ism A oiaazi9uukd 

A =  { l , 3 , 4 ,  2 )  M?Q A =  {4, 1, 3, 2 )  W ~ O  A = { 2 , 4 , 3 ,  l }  
Y 

w's~u~inaio~wuiurwioun'u 

(2) n u i ~ n ~ ~ ~ u ~ ~ u i . a m ~ o ~ ~ i m n ~ i i ~ ~ u  k i u  fluiJnhi*kfi"oiiiiiiuqndq~a 

*Rosen HGI 11 1 %w'u'BlU6TW$i~ijY 

"A set is an unordered collection of objects." 

'?he objects in a set are also called the elements, or members, of the set." 



A = { l , 2 , 2 , 3 , 4 , 4 ) ~ f ? ~ A = { 4 , 4 , 3 , 3 , 2 , 2 , 2 , 1 , I )  

Kii3uianiifiRuuimInnj w i o  imeuirci (infinite set) isioiuiuilrn Tmuifuu 

qanu~~~i~i4uiiniun~~i3unui~n 

B = { x  I x  is a positive, even integer) 

nlnuo't ilrn B ijauiGn~3uiiu~uiffu ju?n vftnum 

Cd$uilrn&sd3:nau~auiiuauigu 2, 4, 6, 8, ... iwsi:a:$u B i8uilrmoGun' 
d 2' wiadl-r 3 irnuo~iiu~uduu?nijiiod'ounii loo I44giYninva mdu 

The set of even integer is 

E =  (n I n E z, 2divides n ]  
Y 

oini?--aseiidii3n if uu6.1i 

A = { x  I x  is a positive integer less than 5 )  

ifl?8tnuiu vertical bar "ly' d i d 1  such that t ~ f l 1 5 4 1 ~ i ~ d & d i ~ i i  "A i $ i h  
a 8  P, 

ilrnuot x  ~ n h  T R U ~  x  i 3 u i i ~ ~ ~ i ~ u u ~ n u ~ 1 u o u n i i  5" 9uid ga~ufl~diiii?lu 
A 

n'iniumri3unui?nuotilrm Eunii dazwaci (proposition) lr-riSud3~Tun (sentence) nio 

4ofl?iu$d (statement) ~du iiu?uii(uu?nij6iod'ounii 5 ~dsm~t inn~iganu1~"~"u~tn is  

Id N i8uilrmu o t iiu--miiu "kiiflunu (set of nonnegative integer) 

61 x idui lrni i f i~ ZnuiGn n n E N 

i ~ i l d  
I X I = ~ lu?u~ul?n$~i l rm X ~ ~ ~ ~ ~ n i l i l u ? ~ o d " f l  (cardinality) VDSilrn X 
Y 

~W~ILRZGU n = I X I 

81 x xiluilrn x wf?o i3unui3nun.riam x d u u ~ j d  
Y 

x E x 61 x XWoII)Iuilrn x n5o x X~"lnuiSnuoti.an x Puuuajii x  e: x 
~ l f l ~ ? 8 ~ l t ~ l t ~ ~  I A I = 4 11% I V 1 = 5 

I E  ~ i i i 1 ~  B , ~ E  ~ i i i b e :  v 
~rrn$t~f inui$n Eunii irni14 (empty nfo null W?FI void set) I$8yiYn~Di @ 
Y 

iwsi:n:Gu @ = { ).iia: I @ I = o 



(Two sets are equal if and only if they have the same elements.) 

Kaadia s hl~rfluduocrr~drriifiu ; 
1) t l ,  1, 31, t3, 3, 11 2) t l ,  2, 31, {I ,  3, 21 

3) { I ,  2, 2, 31, { I ,  2, 3 )  4) { I ,  31, (1, 1, 1, 3, 3, 3 )  

5) (2, 3, 5, 71, t3, 5, 2, 7 )  

A = {x I xZ + x - 6 = O), B = (2, -3) 
Y 

~ W I I Z R Z ~ U  A = B 

Q = (x I x is a subset of the set {a,b) 1 
Y 

iwsirrarii'u P = Q 

Ira: B = {x I x is a positive integer and x2 < 12) 
Y 

L W S I ~ Q Z ~ ~  A = B 

n'iwu~ln'x rrar Y iflui.a~aody~ Ria~iPnqn62q101rclrm x I~UIUIQ~VQ~I.~~ Y 

I I I ~ R ~ I  X iSur.amdou (subset) VOd Y L~fJUgdd X c  Y 

iii x iriIrir.amdouuo.r Y r i a u k d  X Q Y  

~vtumnnud (Venn diagram) H U I U ~ ~ ~ ~ ~ U ~ I ~ ~ ~ ~ ~ R J ~ ~ I U ~ ~ ' O J W " U ~ ~ Z ~ ~ ~ I ~ I . ~ N  , 

hodldibu~d#lJdldi 



6'aaeii.a 9 IGiam 

C = { I ,  3 )  , A  = {1, 2, 3 , 4 )  

c i~ui~fldau V8.r A I 

i'3f.I~ 7 Aniu ~~iBuiamdouuo~diarJ'odi~~ (Every set is a subset of itself) iW3lz41 
Y 

nui3nqniYa uod x o~Iwlam x &GM xc - x 
41 X ifluiamdouuod Y iin: X ?diviiEv Y i r i q ~ i i  X i~ul%.illll# (proper 

subset) VOd Y 14ar'qiYninvd X c  Y 

i W l i l d  ~:i~uFlfmfhJuod~ni (The empty set is a subset of every set.) 

uniiuirr n'i~umI*Y s iauiam iam61kuo.r s wu1ul.r irnvo.riamdou&numuodicIIm s 
I$dviYninvd P(S) 

(Given a set S, the power set* of S is the set of all subsets of the set S and denoted by P(S).) , 
Y 

LW~I:QZIYP~ P(S) = { X  I xc - S )  

(If I X I = n, then I P(X) I = 2".) 
A 

ntoq~Bnodi.r~u~?Ni iam~iinuiPn n ia~:iiiamdou 2' y~ 

/ 

6'a~dlil 12 %# A = {a, b, c )  a) Q d W I  P(A) 

- - 

*Johnsonbaugh ~ $ 1  65 n A l ? i ~    he set of all subsets (proper or not) of a set X, denoted P(X), is called 

the power set bf x." 





1.2 mlA~~u^linnuutael (Operations on Sets) 

lii x ila:: Y ISUI~A~O.II[R f i w a i u ~ 3 ~ u n 1 ~ ~ ~ u n ~ ~ i ~ ~ d 1 ~ 1 ~ u i ~ n l ~ i w u " ~ ~ ~  
Y 

ihisu" 

dau.rauw5oyiiiuu (union) vodlrm x im:: Y nuian'qiand.rdr::no'~Xaa 

aui?niqnun$qodIu x wSoodIu Y n~ooq'~uRno.riam 

4 
dun41 dauiauw?oi?ulme$iangu (intersection) ues x i6aZ Y HUIU$.J~Y~~S 

dr:nou4annui?n&nufiJqod1uivm x ua::odluivpll Y 

Zaaseci1-a 2 osiidauiao~(uesiam (1, 3, 5 )  iia:: { 1,2,  3)  

~ I ~ Q U  = (31 

am X im:: Y arl~uP~f@!u'~d?~~?u (disjoint set) 81 X n Y = 0 

$a~eii-as%#x = (1, 3, 5 , 7 ,  91, Y = (2 ,4 ,6 ,  8) 
A 

iuotain x n Y = 0 iwrizarih x ria:: Y [flu 
ianliddaus'au 



AUBUC= { x l x  E A o r x  E B orx  E C} 
I 

I 

1amdinui~nt8unm i w ' i o i i  aaziiunii im'ldfldauiarrg~d iu"ola6miu~ x 
rrac Y r!!I~r~lrmrimnii.~n'ulu g x iiaz Y r8uiamIXIfIdau.i'au 

(A collection of sets &?'is said to be pairwise disjoint if whenever X and Y are 

distinct sets in @ X and Y are disjoint.) 

@= { ( I ,  4, 51, {2, 61, (31, (7, 81 

X - Y = ( x l x ~  X a n d x e !  Y)  

8unil 6wPl~sldlr H?Q gi70d68~lld~81$iVlii' (difference 

or relative complement)) V8.J X Ilac Y 

X - Y  

w1uii-a iamwni1.r x - Y drznouhu audn&nu~lu x r~illjodlu Y 

H I I P ~ I P ~ U U I ~ ~  UQP~WI A rra:: B n~iu~ilPram#ilPd~znou~aunui3ndo~lu~c11m A 

nfonu19ndodluram B ird~o.r!~o~~u~.~aoil~ram 
t 

The symmetric difference A @ B of the set A and B is C.e set 

A CB B = ( x J x  E A or x E B but not both) 

w?o 

A @ B = ( A U B ) - ( A ~ B ) = ( A - B ) U ( B - A )  
I A e B  



A U B = { I ,  3, 4, 5, 61 

A @ B = { I ,  3, 4, 6)  % 

4 
ui~nRi.niT;u?~o'oJfiuLwmrdi~uicHmtiouidtlumvod u ~ u i d  i4m u iilmji mnnm 

6~6'd nSlo mnrnniiujini (Universal set or a universe) nuiuB~i~m~tdrznou~auau1an 
Y a a  .,a ~ ~ n u n u o . r a d m r n n i a ~ a n ~ ~ o ~  irm u b ~ r i i t l u m % i i k ~ 4 ~ 6 i d i ~ d 0 1 n ~ ? ~ ~  (context) 

R~numlX u iduisnn1w8uuu'wi iiaz x idurcllmtieupres u 
u - x dun41 h~Ruis iu  (complement) UOJ x 1#8q$iflinvd 2 

4 
ionnwiluvini u ozd~znau4ilu&uo~C~tlunr~a~n~ul~ni~w'o1~~~1 luuwu 

$II~i?uu' (Venn diagram)* U p f l i i w ~ d ~ ~ E d d m ~ ~ % l w " ~ w ' l  ~ ? ~ i ~ m % u  7 9~1#~d?df la IJ  
A 

d a u r m l ~ n u o ~ ~ c H ~ u ~ ~ n I ~ o ~ a i m u ~ a u ~ ~  imrr-qao 



8aeeil.a 7 1% 
A = ( 1 ,  3, 51, U liSulonnn3ufiwi 

u = { 1 ,  2, 3, 4, 5 )  
Y 

awsiz~zi'u A = 12, 41 

1~w14~s~f i~#iu ~161~un%dlY u = { I ,  3, 5, 7 , 9 ) ,  A = 1 1 ,  3, 5 )  
Y 

awsizrazi'u ;i = {7, 91 
d BY a:t!ul#$wasuii d~utiumuuuo~hi0nn~80~w'w~~~~s1n"1a"~~"1~10d~~u 

, 
(a) flan3sd&u~i (Associative laws) : 

I , 
( A u B ) u C = A U ( B U C ) , ( A ~ B ) ~ C = A ~ ( B ~ C )  I 

I 
, I  

(b) flgfl1sa%J$ (Commutative laws) : 
I 
I 

-I 
(c) flQnlsitaflla~4 (Distributive laws) : , 

(d) flplon%lld (Identity laws) : I I 
I 

A u @ = A , A n u = A  

(e) n~d?ud~l&.J (Complement laws): 

A u A = u , A ~ X = @  
(f) Idempotent laws : 

A U A = A , A ~ A = A  

(g) flfd~l%~¶JtWl (Bound laws) : 

(h) flaG9wa (Absorption laws) : 

A U ( A n B ) = A , A n ( A O B ) = A  

(i) f l ~ 0 l < R ~ l f l l ~  (Involution laws) : 
- 
A = A 

Cj) 011 laws : 
- 
@ = U , 5 = $  



(k) n ~ m u o i i l n ~  (De ~ o r ~ a r i ' s  law for sets) : 

A A 
miicliu d-rus?u @ uowduuoaan nuiuZa 1wmwadr:noui;lunuiGn~i9 q waodlu 

, oriia~oui~~w~aanluiwm @ 

(The union of a collection of sets is the set that contains those elements that are members 

of at least one set in the collection.) 

u J = {x lx  E x for some x E a 
luviiuoaiiiu?fiu iriiiuiud?ui?u @ uoanrjuuo~iwml#i~wiwn~adr:nouJau 

nui9n4to~lurlniwm lu @$lumwir kd 
(The intersection of a collection of sets is the set that contains those elements that 

are members of all the sets in the collection.) 

n @= { x l x  E x for all x 6 81 

@= (A,, A2, ...I 
iriiiuu 

0 
w A = {n, n+l ...} 
2 n 
3 
SP. !La: 
Ll 

@= {A,, A2, ...I 
9:lJ 

w 

U A, = u @= (1, 2, ...} 
1 



LLRZ 

= (n, n+l, n+2, ...) 

(A partition or quotient set of a nonempty set S is a collection of nonempty 

subsets which are disjoint and whose union is S.) 



fj%IdR"PI (odered pair)' ~Qdf l¶J1%7 L i U U & i  
A 

(a, b) %d~~ndld~ lndc~ ( iU  (b, a) l f i . .~ l~~ ld<l  a = b B ~ ~ f ) ~ d l d ~ U d d ~ ~  (a, b) = (c, d) 

14 4 uniielu 81 A 111:: B I S U I % ~ ~ ~ ~ I I . I I I O ~ ~ R  I~IULUIUI.PIFIBQP( 14% ~n~01n11ni . e~  A x B 

l ? ? d ~ l ~ ~ ~ d @ b k  (a, b) &nun I ~ U $  a E A liar b E B &I?U 

A X B =  ( ( a , b ) l a E  A a n d b E  B)  

(If A and B are two nonempty sets, we define the product set or Cartesian product 

A X B as the set of all ordered pain (a, b) with a E A and b E B. Thus A X B = ((a, b) I 
a E A and b E B).) 

g a ~ d ~ a  11 {I x = (1, 2, 3 )  lla:: Y = (a, b) 

or?X 

x x Y = ((1, a), (1, b), (2, a), (2, b), (3, a), (3, b)l 

Y  x X = {(a, 11, (b, 11, (a, 21, (b, 21, (a, 31, (b, 3)) 

x x x = ((1, 11, (1, 21, (1, 31, (2, 11, (2, 21, (2, 3)s (3, 11, (3, 2) (3, 3)) 

Y x Y = ((a, a), (a, b), (b, a), (b, b)) 
9 2 oin~aedi~u"7.rsluu~:1w"uiil~u~alnl~1da x x Y Y x x 

Inlsmt'7.a~nsl-11 
Ix X Y I = I X I  I Y I  

Y 

~ iumr~ruu~uriul~~X~na"1n'~lXn'~1~ui~n~e,~~a~~iod'u 
Y 

n-qlyn AuUCdG (al, a2, ..., a )  ~ r n ~ u ' i ~ ~ r i u u l w ' ~ 1 ~ m 1  : 
d l  B 
nslQluQ 

al = bl, a2 = bz, ..., an = b 

*Levy ( ~ { l  40) flbl?il The ordeied pair (a, b) is the sequence of two elements (a, b). 



m"aepi1.a 12 6'1 t)lLCIIm . . ,  

x = (1, 2 ) ,  Y = {a, b ) ,  Z = { a ,  p )  

r~nrnrinG'n 1.2 

i d l d ~ o  1 - 16 l i i lonnn5uk6% wm (1, 2, 3, 4, 5, 6, 7, 8, 9, lo )  

I # A =  { l , 4 , 7 ,  1 0 ) , B =  { 1 , 2 , 3 , 4 , 5 )  l l a Z C =  { 2 , 4 , 6 , 8 )  
I 

e s i ~ u w i u n i s a r u i ~ n v o ~ ~ ~ ~ a : ~ ? ~ m  

1 . A V B  2 . ~ n ~  

11. B n u  12. A n (B v C) 

13. B n (C - A) 14. (A n B) - c 
15. A nii v c 16. (A v B) - (C - B) 
u 

6wiUo 17 - 20 %X x = 11, 2)  LLA: Y = {a, b, c) e ~ ~ i ~ u s i u n i ~ a r u i ~ n 6 ~ ~ ~ ~ 1 i a : ~ ? 1 m  

17. X X Y 18. Y X X 

19. X X X 20. Y X Y 
u 

6~adUo 21 - 24 $14' x = 11, 21, Y = {a) ,  z = { a ,  P) o~lfuwsiun~sarui3n6~o~1~eia:~~11m 

21. X X Y ~ X  z 22. X X Y X Y  1 

23. X X X X X  2 4 . Y X X X Y X Z  

14 CT 203 



Y *Y 

i s i i i # o  25 - 28 osiiuusiuniswaii~sn'w~o~ic11n 

25. (1 )  26. { l ,  2 )  

27. (a, b, c )  28. (a, b, c, d )  

i s i i i # o  29 - 32 osmouiioiuiiifiua7s nto iguiio 

29. {x)  E { x )  30. {x)  E ( x )  

31. ( X I  E (x, ( X I )  32. ( X I  c (x, I x ) )  
Y 

&iii6 33 - 37 asuoniiiidn:~uosianiw'in"uwioloj? 

33. (1, 2, 31, (1, 3, 2 )  34. (1, 2, 2, 31, (1, 2, 3 )  

35. t 1, 1, 31, (3, 3, 1 )  36. {x lx2  + x = 2) .  ( 1 .  -2) 

37. (x 1 x is a real number and 0 c x - c 2). (1 ,  2)  

38. osr~uuslunl3~o~l?nu09 P((a, b ) )  

~~!nmun'olmtiouiiw"uos (a, b) 

q[~hun'oi.amtiouuhos (a, b, c, d )  

40. #I x ~aui$niYiih 10 i d 3  WX) o::B(1~3uaui?niYi-1%~, i.am(iouiiw"~os x O Z S ~ ~ R  

41. #1 X %lul?ni~l6~ n, X 0 1 i h m $ 0 ~ i i 8 ~ l U 3 W $ ~ R  

42. #I x LIP: Y ~fiui.amh.kisaos~~ im:: x x Y = Y x x ~riaiuisoa~dozlrlXdi~ 

riuan'u x iia:: Y 

&iii$o 43 - 62 # i#~n~ iu i f i ~o~s  l~%ou 07s # i ~ o n ~ i ~ r f i u i ~ o  1~un~3otiisds:nou 



p l 1 ~ l ~ U U l s l 5  (symmetric difference) VO(1WR A 1115 B MUIU$.IIW~ 



4. %X A = 10, 2, 4, 6, 8, 10) 

B = {0, 1, 2, 3, 4, 5, 6 )  

llaz C = {4, 5, 6, 7, 8, 9, 10) 

a ) A n B n C  b ) A u B u C  

C) (A u B) n c d) (A n B) u c 
S. scncliauniwnud riiwiurnrficlny' (combination) ~l~arqcl.~~~dlcllm A, B lit?:: C do?& 

a) A n (B u C) b ) i n i i n C  

C) (A - B) U (A - C) U (B - C) 

6. ~I&&€IW$SUQS~ lclltA IltEicllQl B ~~&69~'f)olf fIJI%Q~19?3? 

a ) A U B = A  b ) A n B = A  

c ) A - B = A  d ) A n B = B n A  



LP 
5 

aa 
4
.- 

+
 

4
.- - 

5
 

: 
4
 

C
C

.
!

 
c
 
C

 .! 



(A sequence is a list in which order is taken into account.)* 

s:u~wis I iilaiums $8 $1.00 

18 s duri~ i iu~~wih,  nuiGnhusnuo'~r i i~uis i14~qa"n~~ s,, nuiGnhiaoc 

14a"qiinvd s2 miu$i$nu~ l~unL?YduAi snwuiu8t nuiGnh6 n uotn'16u iiniiun n 41 
GI33 'll&l8~6l&.l (index of the sequence) 

Ga8eil-a 1 slun7siiuu~u~u (ordered list) 
I 

2 , 4 , 6  ,..., 2n ,... 
A 

wu1ul.r riiciupwud, arnGnh~imuo~n'iGu n"o 2, nln~nhdaoc n"o 4, ..., 
auiGniY36 n do 2n tY1lsiI8 s imud1hZIRd az16 -1  

S 1 = 2 , S  = 4 , S j = 6  ,..., S = 2 n  ,... 
2 

(repetitions) 918d~~lGfl)j$ 

*Rosen ~ $ 1  149 n i l a i l  Sequences are ordered lists of elements. 



d l h  ~ 1 9 ~ ~ ~ ~ ? f l ~ l u ? u ~ ~ ~ 6  (infmite number) ~ d ~ d l ~ i ~ U ~ ~ r i ? F I d l ~ C /  1 M ? Q ~  

aln3nhu?u;11% (finite number) L ~ U ~ I F ~ U U F I . ~ ~ ? F I ( ~ I ~ ~  2 

8~nsaim.rm~ondiw~udi~u86 (s  ) l u i d  s w?o {s ) wuiu8.r &&Ji.rnum 

(the entire sequence) 

I 

dilsd1.3 4 9.ru'uludlh u lFltJl#n~ u $t38?$nWid n lun'lil digital O L ? ~  
I 

I 



C
 

- P
 

C
C

C
 

C
 

-
P
 -
P
 -
P
 

a
 

c
c

c
 

a
a

a
 

a2 
uc 

uc 
uc 



~a3~afl ls91lf l€h (geometric sum) 



6ailadi-a 12 ni~idduu~~raiiiiazZmiifim Iuwau3n (Changing the Index and Limits in a 

Sum) 

Rewrite the sum 

replacing the index i by j, where i = j - 1 



2 , if n is even 

=" I o , if n is odd 

I 

I 
¶Jl.m!h ~ ~ n s d s ? u e ~ n a n z a r ' q n 9 6 ~ 6 ~  pniniid5 (modified) ~ ~ I U W ~ ¶ J ? ~ I  llnz 

i 
(In certain contexts, a finite sequence is called a string.) 

¶JolQpn¶J 

aiu6nuszindo x MUIU~% ~ ° I C ¶ J ~ ° I ~ ~ ~ Q . J ~ ~ I J I ~ ~ Q I ~ L ~ O ~ ~  x 
(A string over X is a finite sequence of elements from X.) 

$ a d i d  15 I# X = (a, b, c )  8lal%# 

PI = b, P2 = a, p3 = a, P = c e 
9~!#6'n%szi~ifi€I X l ? ~ I d i d  baac 

4 mnzil tTlfJ6nuszlflUrilriun~.~~n i a q & d i i ~  (order) ~.a&a~Ji~if tn#~e 

$b~$l;rl$'ld a1U baac ~rll0ilnd1.5~7n t l l U  acab 
4 mrhriu~uaiut~nur~nuq~n aiuisniinunW IRURISY~UU (Repetitions in a 

string can be specified by superscripts.) ~~Q$IJI$W n~t16nusz bbaaac ~ 1 0 i ~ f J ~ l f l ~  b2a3c 



na6nus:: &?ri~nui?n Eunh niu6nusziir (null string) i ln::l#tY~i'n~i' h ls-114 X* 
B 

iinuiapluotmuhuszhqwum i w i o  x rtsauniu~fius::-iiu ilnzisilnY x+ iinuiapl 
Y 

~ 4 ~ 1 ~ ~ ~ ' ~ ~ ~ ? ~ ~ 1 9 w " 9 ~ ~ ~  I).~;€I X (The string with no elements is called the null string 

and is denoted h. W let X* denote the set of all string over X, including the null string, and 

we let X' denote the set of all nonnhl strings over X.) 

Eaoeiis 16 l W '  x = (a, b )  ~IUIG~VIS~YJ l u  X* $8 

h, a, b, abab, b20a5ba 

naluuia (length) u89fllu6n"~z a ).0uiu~90°1uaufl%~1~n~pd a diw?un~iuuiauo~niu 

thus:: a l#8t$'n~ti'I a I 

h d l s  17 %;1 a = aabab Lla:: p = a3b4a3' 

a:?& la1 = 5 iin:: I p I  = 39 

XI a iin:: P iflumugnuszflocym n~u~nuszd.rdrznouAiu a mahu p iuuu 

k d  ap, Eunii rn.rdsg%d (concatenation) a iln:: p 

f k ~ d l ~  18 $1 y = aab iin: 8 = cabd 

QZ%X @ = aabcabd 

8y = cabdaab 

yh = y = aab 

hy = y = aab 

fiipleu (a) c (b) c (c) cddcdc 
Y 

2. ~ ~ ~ ~ ~ 1 r i i n i a  4'8 (a) - (i) ~IM?u~°I~%I t Q u I x ~ G ~  





a,, = n 4 - 3 n + 3  



Y 

(d) ~~5dlHS'Ua"l~U d ;~1llg4i! 



7. 84~0U(iltll¶J 6 (a) - (c) d l ~ f ~ d l h  x Q U I U ~ ~ ~  

x1 = 2, xn = 3 + xn-] , n 2 2 

r) 

(c) q ~ ~ s i i ~ % . ~ a D ~ i u  c C U I U ~ ~ G  

n 

cn = C xi 
ill 

I - 
j ' 8. a4QIoun'lmu 6 (a) - (d) d i ~ i ~ d l f h  w C U T U & ~  - 



11. 8~c~oudialnu Go (a) - (h) 8 7 ~ ; ~  d16~ r 



(a) Q9Wl z, 

(b) Q9WI z, 

(c) Q9WI z, 

(d) Q9Wl z, 

(el Q J M I ~ ~ S  ~ I M ~ U  z, 



\ 

avu~nCmia'3o 2.3 

1 .  Find the following terms of the sequence (a  ) where a = 2.(-3)" + 5" 

a) a,, b) a, c) a4 d) a5 

2. What is the term a8 of the sequence (a  ) if a equals 

3. What are the terms ao, a,,  a?, and a3 of the 

a) 2" + 1 b) (n+l)"" 



1.4 6iIdaoa~~aJll~:rn3~13 (The Integers and Division)* 
OI dd ~mijuia~ 1 iiuauiluuan p iidiuinnii i o:Bunii Oiu-~ularn:: 8imuma;u 

iTad5mouuaniSu i iia: p iiiafu 

(A positive integer p greater than 1 is called prime if the only positive factors of 

p are 1 and p.) IL 
B d I  o"iuaui!uuan %tuniuinnii i iia:?oj%$iiuau~wwi:~uniiiiuaud~:nou 

(A positive integer that is greater than 1 and is not prime is called composite.) 

huau p uinnii 1 1u~~auoti iua~i~uuan0:3unii  6iuaul~wi.z 6'iiiuau 

uiuuaniidut p AIR:: 1 iiiljU q t n i ~  p at& 

(A number p > 1 in Z* is called prime if the only positive integer that divide p are 

p and 1.F 

,.Yo, B 
1u4d p, < p2 < ... < p nuiu~Jiiu~uiamz~u~11inu%tni~ n nthua: k's iau 

= u 2 9  d: O°iuaui!uuan n"inu~%#i4uo"iuaun5~"suoso"iuauiawi:winnuuiia:i~~decanls:nsuuos n 

44 n 
uo~nsu"mfflarm5n 15~flii~€pI@iU?U (number theory) 

Rosen ~ $ 1  210 

Kolman 60 



(Every positive integer n > 1 can be uniquely written as 

where pl < p2 < ... < p are the distinct primes that divide n, and the k's are 

positive integers giving the number of times each prime occurs as a factor of n.) 

~-Jedls 3 Q s ~ l n l s i i u n ~ ~ d s ~ n ~ f l i Q ~ l ~  (prime factorization) 9109 100, 641, 999 LLQ: 1024 

wamaa 
100 = 2.2.5. = 22.52 

641 = 641' ( i f l ~ ~ l ~ 1 ~ 1 8 ~ 1 . Z )  

999 = 3.3.3.37 = 33.371 

1024 = 2.2.2-2.2.2.2-2-2.2 = 2'' 

nqvavn 2 6'1 n ifluiiuauii;ads:nou, hmr~;ri9~~1uauiani:ii&awi9 n a~A~~:iin'i 
f l ~ u n i i  w ? ~ i v i i f i ~ ~  dT 

- 
(If n is a composite integer, then n has a prime divisor less than or equal to dn.) 

sr aY oinnququn41.rruua:!#ii n c:ifluiiumiarn:~i6aw1sdi~uo"iuauiw~i:ii&a 

(Fom this theorem, it follow that an integer is prime if it is not divisible by any prime 

less than or equal to its square koot.) 



Hainapl o"iuauiwwiz 2, 3 iiaz 5 1iijfiaIm w i s  7007 aqfi-~ 

= 72.11'.13' 

6faeeiis 7 Q 9 W l  wawls (quotient) i i t l ~ i f f ~ i ~ 8 ~  (remainder) VQ91tlV 101 ~ l s ~ ? ~  1 1  (101 

ifluhR (divident) 1 1 i f l ~ i i ? M l l  (divisor)) 

gqii'u wanis ~o 9 aazlmun~a 88 2 (n9a 2 = 101 mod 11) 

(Note that the remainder connot be negative.) 

im ?i lJ  -2 i%ii'1Ji1 

-11 = 3(-3) - 2 

msi-.ii r = -2 ?iiflu!Jm~u~fi'n o 5 r < 3 



(Let a be an integer and d be a positive integer. We denoted by a mod d the 

remainder when a is divided by d.) 

n n u n i u i u u o . r m  ar'lAi'i a mod d l o  ( i u a u d u  r ~ ~ u l  a = qd + r ~m:: 

O ~ r c d  
I Y Y 

f ~ $ d  a = hsl 's  (dividend) , q = WaMI9 (quotient) 

d = ~ a ~ 1 3  (divisor) , r = iflu (remainder) 

ifaadis o 
17 mod5 = 2  

-133 mod 9 = 2 

2001 mod 101 = 82 

l4iYqn'n~d gcd (a, b) 

(Let a and b be integers, not both =em. The largest integer d such that d 1 a and 

d ( b  is called the greatest common divisor of a and b. The greatest common divisor of a 

and b is denoted by gcd (a, b).) 

ifaaeiis 10 a w l  gcd VQQ 24 iia: 36 

WWIQWU 6?).ild3~ (common divisors) VQQ 24 LIP: 36 !#iid 1, 2, 3, 4, 6 !la: 12 
a i u o ~ a 7 n  12 iltiiuindiqcl 

Y 

iW51z9:lh gcd (24, 36) = 12 

i ianis ianrue~ 12 i iaz 30 l#iid 1, 2, 3 iin:: 6 I 

iitoqain 6 igurnuIwiiqcl 
Y 

I W ~ I % Q Z ~ U  gcd (12, 30) = 6 

Rosen n h  20, 8qjnr.' a 1 b wuiu~.r a ~ 1 7  b n.rh aliiiuu a j b  L ~ D  a Hi5 b Un.rri? 
(The notation a 1 b demtes that a divides b. We write a l b  when a does not divide b.) 

1 



Kaoelia 12 ssni gcd "uss 17 iiaz 22 

Ptaiaau iiu?uiiu 17 iinz 22 ig?mxi?u i8u I iviii'u 
Y 

gd ¶Yod gcd (17, 22) = 1 

(The integers a and b are relatively prime if their greatest common divisor is 1.) 

'I? 

unfiuiu 5 $i~?~ih a,, a2, ..., a ~zifiubluau60wie~w"ni~n~ 81 gcd (a,, . a )  = 1 
I J 

~&IIR~~Iu~! 1 5 i < j 5 n 

(The integer a,, a2, ..., a are pairwise relative prime if gcd (a,, a )  = 1 whenever 
n 1 1  

l s i c j 5 n )  

etatnapl 

gcd (10, 17) = 1 

gcd (10, 21) = 1 

gcd (17, 21) = 1 

i i a ~ t i i  lo, 17, 21 18uiiu?u~awirSuGp1iqnd 

gcd (10, 24) = 2 > 1 

iiasldii lo, 19 imt: 24 Wldiiu?uiawiA'uh$d 

4 94 B 
snaswud %uniswiG~wixiauuin"us~i~u~u~~uas;rG~~o %#nisiiun~?dsznsnr 

Y 

LW Wlz (prime factorizations) " u 6 9 i a ' ~ ~ 8 9 ~ ? ~  



d A  A uniiuiu 6 Ga~oliaulfsu uos~iu2uiiuu2n a in:: b nuiu8.r iiu2uii;uu?n1annqn VJ 

m r h u  a ashua:mr#qu b a9C-a 5--qi?pari2uGouuoc a tin:: b 'l$8yiifiud lcm (a, b) 

(The least common multiple of the positive integers a and b is the smallest positive integer 

that is divisible by both a and b. The least common multiple of a and b is denoted by lcm 



2 1 1  lcm (10, 12) = 2.3 -5 = 60 HTO lcm (10, 12) = 10.12 = 120 = 60 
gcd(l0,12) 2 

3 1 3  lcm (120, 500) = 2 .3 .5 = 3000 H%l Icm (120, 500) = 120.500 
gcd( 120,500) 

10 = 2l.5' , 25 = 5' = 20.!j2 

g c ~  (10, 25) = 2min(lsO).5min(1,2) = 20.51 = 5 

lcm (10, 25) = 2 m ~ ( I S ) )  mm(l.2) 95 = 2l.52 = 50 

i'asd14 21 B9H1 gcd isaz lcm UQQ 168 iia:: 450 

HPLOBU 

3 1 1  3 1 0 1  I 2 2  1 2 . 2 0  168 = 2 *3 -7 = 2.3 .5 .7 , 450 = 2 -3 *5 = 2 -3 a5 .7 
1 0 0  OZ!# gcd (168, 450) = 2l.3 -5.7 = 6 

3 2 2 1  lcm (168, 450) = 2 .3 .5 .7 = 12,600 

ab = gcd (a, b).lcm (a, b) I 
(Let a and b be positive integers, then ab = gcd (a, b,)-lcm (a, b).) 



lcm (540, 504) = 23033~51a7' = 7,560 

Lno?Buauuyn'im 

(Euclidean algorithm) 

h G 1 4  24 94Ml gcd WEN 108 litl: 60 

H%IIQPU 

gcd ( 108, 60) = gcd (60, 108 mod 60) 

( = gcd (60, 48) 

= gcd (48, 60 mod 48) 

I = gcd (48, 12) 

= gcd (12, 48 mod 12) 

= gcd (12, 0) 

= 12 

8aaaeiis 26 oswi gcd (190, 34) 

HPlnWU gcd (190, 34) = gcd (34, 190 mod 34) 

= gcd (34, 20) 

= gcd (20, 34 mod 20) 

= gcd (20, 14) 

= gcd (14, 20 mod 14) 

= gcd ( 14, 6) 



= gcd (6, 14 mod 6) 

= gcd (6, 2) 

= gcd (2, 6 mod 2) 

= gcd (2, 0) , 

= 2 

$ 4 1  uniilnu vloiaoa x 14Kqtn'nlrpi L x ~  ~u~un'c hu7ui~ulnaj~q~stunizd"oun41~70 

iviln'sJ x 

(The floor of x, denote L x 1  , is the greatest integer less than or equal to x.) b 
d d  $ 4 1  

Gas4 aoa x i#t?'qrinvd [x i  wuiu& iiu?ui~uinnnq~stuniuinn41~~0 

iviln'sJ x 

(The ceiling of x, denoted r x l  , is the least integer greater than or equal to x.) k 

The floor of x "round x down while the ceiling of x "round x up9' 

Johnsonbaugh 'il& 1 18 

k Johnsonbaugh 'il dl 1 18 



nnrnr3niYn1.4 

1. rauh%w~fluo"iuauiawl= 

a) 19 b) 27 c) 93 

d) 101 e) 107 f) 113 
u u 

2. l ~ ~ ~ d n : d ~ d 8 ~ ~ # 1 ~ d 1 ~ i ;  ~llM1'1i?80z!l ~RY~W~IDFIOQL!~  (In each of the following cases, 

what are the quotient and remainder?) 

a) 19 )rlr&3u 7 h b) -111 M136;au 11 

C) 789 wir&-au 23 d) 1001 M I ~ # ~ U  13 

e) 0 Ml5#3fJ 19 f) 3 W I S & ~ U  5 

g) -1 W I S ~ ~ U  3 h) 4 nir&-au 1 

3. a~winiruunsi?drznopJi~wiz (prime factorization) i 0 9 i ~ ~ h d d i d d  

a) 39 b) 81 c) 101 

d) 143 e) 289 f) 899 

g) 1001 h) 1111 i) 909, 090 
8 4 2  4. O ~ W I  prime factorization VQJ lo! (RIFIBU 2 a3 a5 a7') 

d 9 
5. ~apluosdiu~uisluui~di~d~flu0"iuauinwi~~xI~'wi~n~m~~~~j 

a) (11, 15, 19) b) (14, 15, 21) 

c) (12, 17, 31, 37) d) (7, 8, 9, 11) 
d v Y 

6.  o ~ w i ~ a m r i a u ~ i n u o ~ ~ u 0 ~ ~ i u a u i ~ 1 0 ~ ~ 1 ~ ~ 1 ~ d  

a) 22.33m55 , 25m33m52 
11 9 b) 2.3.5.7.11.13 , 2 .3 a11.17~ 

c) 17, 17" 

d) 2'.7 , 5'.13 
I 

e) 0, 5 

f )  2.3.5.7 , 2.3.5.7 

7. OdWl prime factorization 9189 500 

1 

8. 04Ml prime factorization "U04 7007 
I 

a) 7'.143 b) 72*11m13 c) 7.1001 d) 11.13.49 

9. raw -11 ~ i s # - a u  3 w a ~ i s i ~ s z % r ?  ~ B N Z Q O Z ~ ~ ?  



, 

10. odd r : l i i ~ ~  f id7ulf iM~I~~l~d (Evaluate the following quantities.) 

a) 13 mod 3 b) -97,mod 11 C) 155 mod 19 d) -221 mod 23 

1.5 huawrhrrez8'Rnailu (Integers and Algorithms) 
A a ~ ~ n ~ ~ ~ ~ i / d l ~ ~ u l n ~ i ~ ~ ~ l n U ~ ~ ~ ~ n " ~ 1 ~ i ~ ? ~ l ~  uonmiioainbno'in'undl4lu 

9 d PB Lid msriiu?oc r n a : 8 u P r u n ~ ~ i l l n u ~ l " a v o u ~ a u ~ a n o ~ ~ " u ~ ~ u ~ ~ ~ ~ m  dsi~u~nornunudr:lani 
A 

. uiniqmpnus 1in:~~u~noin'u~riii/qmlu5(~1ndaaia0ili ain~fua~on'driubno?n"u 

dln~unirn5:aiumu~l~ b uo~~lu?ul~~~?n~lns"P11av~lu  b 1~ q (an algorithm for 

finding the base b expansion of a positive integer for any base b.) 

~anoiiiuauuqdl (The Euclidean Algorithm) 

~no7n"ud lflui/$~'nn"uRlidao~"uIpJrioc Murn~m~~niri~uuinu~s0"iuau 
-4.4 a liuaos.i i ia~~~u~rnrsudr :~n ln~wu~nni i  mrl# prime factorization ~ ? x ~ ~ I ? u I I I X ?  

Y 

LWSI:~I 7 nir 14 as$? iwsi:nzCu gcd (14, 7) = 7 

Zfgd gcd (287, 91) = gcd (91, 14) 

' = gcd (14, 7) 



L4 
T ~ u h l d u X 3  6ano?n"ul1uu~nii~w"i9iu69C: : 1Ynirnadii~du1do-r lwoapl 

(reduce) il~nlnlrmijqnlci?nlr~au~lnu~90"lMaui~~flanH~9~a t#i8uiltJnl1iiu T R U ~  
$ 4 1  

~ i ~ a u i ~ a n ~ m ~ ~ ~ u u i ~ 1 a " n n ~ i 0 ~ n r : ~ ~ o " i u a u 1 ~ u 6 a ' ~ ~ ~ % 1 n 1 i w ' 1 n ' u ~ ~ 6  
a 18 a = bq + r 1UO a, b, q im:: r 18u6lu?udu r 

O::l4 
gcd (b, r) , a > b 

gcd (a, b) = 
a ,  b =.o 

hod14 2 otmci?mriauuinuoc 414 111: 662 T R ~ ~ Y ~ ~ ~ Q ? ~ ~ u I I U U ~ B I ~ " ~ ~  

gcd (414, 62) = 2 tnri::ii 2 ~fiui~~miio6aq~4iu dliivilfiuguG 

Algorithm 1 The Euclidean Algorithm 

procedure gcd (a, b : positiye integers) 

y := b 

while y f 0 

begin 

r := x mod y 

end {gcd (a, b) is x }  



~3aldP10d610d30dldSJ (Representations of Integers) 

lu~~mds:i~iuml(%'dqn~d~~~du~w"oi~n~~i~uaui~ si?ou'i.ridu 965 lainu 
A 

9.10' + 6.10 + 5 odi~!s8miu ~ounf~a:n:R?niuo~#iau~iuduiinoaiau,aiudu TRUIQNI:: 
B m ~ o ~ o u d r m t l i  l48q!ns&luf781 (binary notation) i u0d l~301  ii~::dvn3d~l~iidR 

& W a d  nto8qntynrP;p~udunniu"oiin~~n~maonus:: idu h6nvs nto ~ R U ~ R R  0j.1 q iiRjisi 

aiuisol+iauiiu?uu?nlR q 4.ruinnii i ifluniu ~u"oiin~~l.riiulull.uu 

n = a>'+ a bk-' + ... + a ,b+  a. 
k- 1 

id6 k i 8 u i i u ~ u d u ~ ? n  !ahflunu , 

a,, a ,  ..., a i buhu~u i iuum !ajt8unu Bn'ihunii b im:: ak + o 
k 

mmsza1uuo.r n h u j i u  b I#8qXnvd (a a ... a,a>h 
k k-I 

(The base b expansion of n is denoted by (akak-, ... a,ao)) 

PY?i?odi,iiu (245)8 iinu 2.8' + 4.8 + 5 = 165 

8iiZon 2 i8uqiu dunii n1mr:oiugiuas.r (binary expansion) uo.riiu?uiffu 

lu8qnsdmu~iunoq iauTm~idn::i?oiaa& o nio 1 vJ~"onh~wud&a nisns:aiu 

2iuno.r1flunoud?lmai l~muua:n'imsdiuamn"~~i~uau~d~~ 

{I w ?W i&J 8 fJf l j1 hexadecimal expansion 

T~udnt mu21u~uiunnii ian 16 h ui.rd o, 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 ,  A, B, c, 
D, E iia:: F iu"oi?~nvs A 61 F linu iavha lo l.r 1s (lu8qnrd3iui?~~) 



hoQi .14  asmnisnrzs~u~iuGuuosn~rnsz~~ug~uGunn (IAEOB)~~ 

WWLQPU 

= 2.16~ + 10.16~ + 14.16'+ 0116' + 11*16O 

= (175627)10 
B 

n n z i i  nisunuikaugiu8unn nua~?~finugiunos 4 da (bits) d?u)l.iii 
B 

(byte) HUIU% tlluda (bit string) UQJ~~?IUUI?~~I~~ULL~~ W ~ M U ~ U ~ U ~ I U ~ U H ~ ~  2 g? 



.A r~ainliou.a.rriinuR1uganD~iu~i9diad ~ i u ? ~ m m m 3 ~ ~ i u ~  b (a k-1 ... a I a o ) n 

"u~s~iuaui iu n 

Algorithm 2 Constructing Base b Expansions 

procedure base b expansion (n : positive integer) 

k := 0 

while q # 0 

begin 

a := q mod b 
k 

q := L q b l  

k : = k + 1  

end {the base b expansion of n is (ak-, .:. a,ao>,) 

I 

~uhnofn 'ud  q imuwanir~bioinn~mi~du~id"~~ h u  b ii'uAir I f f  q = n mu 

lc l~~uni rnseaiu~iu b ZFI imvuo~nisnirim:Ri~unlwu q mod b ~ano?n'ua~~u~Ud~ 

warn9 q = 0 



a) gcd (12, 18) b) gcd (111, 201) 

C) gcd (1001, 1331) d) gcd (12345, 54321) 

e) gcd (252, 198) f) gcd (10223, 33341) 

g) gcd (1989, 1590) 

2. ~~$45ano~~ua~u~~yna"w6iua~wi  

a) gcd (1, 5 )  b) 'gcd (100, 101) 1 
i 

C) gcd (123, 277) d) gcd (1529, 14039) 1 , 

e) gcd (1529, 14038) f) gcd (11111, 111111) 
4 a# 

3. %ums~i gcd (21, 34) l~u%#5ana?Gurauu~n~~~zGnis~isnnQq 
4 a# 

4. IUR-I'IWI gcd (34, 55) ~ ~ u ~ # ~ n ~ 0 ~ ~ u l l ~ ~ ~ n a " ~ ~ z ~ n 1 s ~ i s n n ~ ~  

5. oci~dnqrTu (convert) diu?u~luioldd rin8ty?)nst&iuSu Ydldu tYynsoig1uno.l 

a) 80E b) 135AB 

c) ABBA d) DEFACED 

lo. ~~llda~~uiiu?u!iui6~dd~in8~n~d~i0da6~~pl*68u8qnsd~10d~uvn 



4 d ' l ~ i ~ U d U ~ 8 ~ ~ 4  (one's complement) 
d 4 n~iui7s himudiuauaua~t4iw"0~".1l~nir61uawv0.~n~uw"aimo~iiuB~ mr 

~mu~iiuauiihuan im:iiuaui~uau#au~i8uqrd fiounji 2" ~ L W  ~ I U ~ U U P A  &WUR 

n + I Om ~ m ~ i u i o ~ m ~ ~ n u i n P o ~ u u i u  ~I i i i rnisBSu~m o immsiiiSuiiuau6uuan 

im:~ieiiimGaif~SuUPm I i~~~mqjiiSu$iuauituau it 

riiniuiiu2uiiiuu~nUPm~ina"~ ~niouriurnrnrraiuinv~~uaro.~v~~iiuau~iu 

~ 1 n i ~ d 1 u a u ~ ~ u n u ~ m ~ i n a " o ~ # u 1 ~ 1 n ~ ~ ~ i 1 r n ~ 1 u ~ ~ 1 1 n 1 n 1 r n ~ : a 1 u ~ 1 u ~ o ~ ~ o ~ ~ i d u q ~ d  
4 vn.riiuauiRu ain~uriiu?wnili~u~3uiRuvo~iiBia:~m~~daui3uiiuvo I l o  o kin: 

daui~uiiuvoq o l o  1 

i 1. a~vimri~i?lmuci~ui~ui~uve,.~~ld".~ ~mu1~aiu~~mnaiuui2ifii5uMnvoq0"iuauiRuBio~n1d 

a) 22 b) 31 c) -7 d) -19 
4 

12. a~miiuaui~uvo~nir~aiiwuiaut~utt;Jv8~vu~naiuuiaii i~u~'is~"i~ii . jd 

(What integer dose each of the following one's complement representations of length five 
I 

represent?) 

a) 11001 b) 01101 c) lo001 d) 1 1 1 1 1  
I 




