
sor;ia?'acns 
Cyclic Codes 

E. Prange L ~ ~ ~ ~ R R R ~ ~ ~ C ( L ~ ~ ~ ~ ~ U ~ ~ K I T ~ C ~ ~ . " J L L S ~ ~  R.R. 

1 957 3$~?aCn3~a~3$~l~a3::~R3 $AL%~L~~"M $fi~uU.%fi~flk+ 4 El 

"n-ndouau (cyclic shift) uo~d13Ka&n~~Iludmik" s%%gCnr 

~ilu3r;iaC(h<~ ~ilo~o7nii5"rm73~fi3Kadjd3z~n"an7w muim 
ue: rid ~ ~ 7 3 ~ ~ l @ ~ l % ~ J n L 3 ~ n i 7  shift register 6 l l u ~ d  5.1 

+ output 
IrJIgs 

a0 a2 83 

ad 5.1 : ~nuwnoa shift register 

Ouiu 5.1.1 1 67 a = (a,,. al, ...# an - ~PJu~3n~af lu  F; ~ ~ i ~ ~ f i u n ~ a n  I 
d 1 raoi a' = (an - ,, s, a,. .... a,, -,) ixau mscaow?w (cyclic I 

cd P 1 shift) u o ~  a h u r a 7  1 illuclc(4 uanzunu~n~aasnrnwn I 



I. 'll a = I 10 E F: fi7rmrL(ouqu a nkd I, 2 un: 3 n7uhB 

o:16 
\ 1 2 3 

a = 011, a = 101 rrn: a =I10 = a 

2. M a = 1102210 E F: (fi~mdouqu a n k d  1 UN: 2 R ~ U  

87gu o:1& 
1 

a = 0110221 un: a2 = 1011022 
I 

~ U I U  5.1.2 

(01 1)' = 101 EC, 

(101)' = 110 EC.  

(110)' = 011EC 
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iYI-. . 

tdutsntndnnorrowynttauo ldrllur%~5go'or 61 x = I 1 1 0000 

O ~ L ~ U ~ I  x L~UAMJ 8idtwnti1 xnT = o d = 01 I iooo 

n-  1 
a = aoal ... an, , f) a(x) = a, + a,x + ... + an, ,x 

~unrtiid mnhq$ i  a ~~u~~nrmafClrruu'un'uwyuiu a(x) M% 
V - Y  n l n i c  'Iuund mozI+~qn~claf a Euwyuiu a(x) aaunumiu 

1 

n n s  LVI wzru dhusi mme unudirH'~'Iu~dv a3 n-hoi$iu 

- 

8~51~ a,,a, .. .a,, - , B ~ ~ i u o i n  a,, luihu~udurn uaz i  an - , rIlu 

d i u ~ i W ~ l j i e  

5.2 ~UIOUI(YH'~U (Polynomial Ring) 

W F ~ i lu4d  WVIUIU~U~IA q F ~6u~ilwoddorilu~1~ V V 

n " 
f(x) =a, + a,x + ... + anx = x a i x i  

i =O 

tdo n rllud7u~unfi&;iluw a,, o I i i n tIlu~siBnao~iPaA 

F nun a, i i ~ ~ d r ~ b a w  ; nun x ii ri?rn~/rifi~'fi7n~rd-1 
(indeterminate) W ~ M ~ N ~ M ~  fiowyuiudiri~drztinf a, L ~ U  o 



birdndndrf7 aoJ f(x) dun a, ?I nbdii'7nmi 6'1 f(x) rUu 
A a wyuiu~~ud m d i ~ u d f l  deg f(x) = -a d u n w y u i ~ a ~ ~  

ciudq=:Rn%ti an = I ii nywubw'n ~mo~or~uuwyuiulnu 
~ ~ u ~ o i n w r S i ( d d i & ~ ~ 1 ~ ~ d ~ i ~ o d 6 ~ ~ i ~ ' ~ d i ~ ~ n " l d i  q rnu'n~duu 
wy~iulnuRrwo~dir'Ud~=:8nf ~iluwuri u rduriluu 1 + 2x2 + E 
unu I + OX + 2x2 + 02 + ox* + x5 10~514 i(mw~nuraavaJwy 
uiu&~muuui9ad F 3i.l~ F[X~ M 

m dgd 'tfl f(x) = a,, + alx + ... + qmx unr 
J 

g(x) = bo + blx + ... + bdn LUO a,,,, b,, f 0 

n ~ i j u n  
5.2.1 

rii f(x) urr g(x) LIIUYI~U~UI~ FIX] AI~'t~wy14iu~~riu~a 

deg f(xb(x) = deg f(x) + deg g(x) 
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Cm+n = (arn+,,bo + . . . + am+tb,l) + ambn + (am-l bn+1+ . . . + a,b,+,) 

orrGuiiwauanly~~r$uu~nri]u o mwnrii a, = o t h ~ ? u  I > m 

uatuauanlwa~r8udro~rviin'u o rdun'u rwnr b, = o hv?u 
j > n  &h 

ck = (akbO + ... + a,,, +,bk-, ) + (a,bk-, + ... + aobk) 
u C: [flu o h ~ u n  cl~uu deg f(x)g(x) = m + n  m 

n 
~onh~nlmulirniiuan uerhtl5"wyuiu yx) = Caix i  I n  9 o:: 

i = O  

dwyuia 

ununrn 
5.2.1 

w Ih f(x) uar g(x) bfluwyuialu F[x] d~d'Idwyuiuvuuusa 1 



m+n+r i i - j  - 
= C zaj -k -kbk  Cj xi 

i=O [ =  ) ] 
rn+"+ j  i [ i - j  I] 

= 2: C a j  Z b i - j - r ~ j  xi 
i=O j=O k=O 

1 ~ U Q I Q W ~ ~ ~ I ~ I . ~  (The Dlvi~lon Algorithm) I 
ch f(x) ua: g(x) tflwuymulu FIX] g(x) # 0 u&?a:iiwcl q 

UIU q(x) UA: r(x) IU FIX] BJ 
f()O = g(xk(x) + roo 

tdo r(x) = 0 M% d q  r(x) < deg B(x) \tun q(x) f i c r a ~ i r  
(quotient) ur:riw, r(x) ? i m v  (nmaindw) 
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22 +x' 1~31z;'l 4 1 mod 3 
3 

x + 2x 



& ~ t h 4  5.2.3 : 
r l d  rl 

I. wyuiunnmwlu F2[x] i i r i u ~ c r o ~ w ~ u i u ~ r i ~ u  towyuiu x 

LLRL 1 + x L ~ ~ ~ ~ ~ ~ ~ ~ ~ I ~ J w M u ~ ~ ~ ' L ~ M w ~ M ~ ~ Q ~ ~ ~ ~ M ~ J I ~  1 

2 2 
x = xx, x + x = x(l + x), LLQL 

rl l 

LLIRJ~I 2, X + X2 LLPL 1 + X2 L ~ W W ~ U I U R ~ ~ ~ O J R R ~ O M ~ ~ M  

F2[x] ~ W ~ J ~ I J  5.2.4'80 1 LL~OLLL~~~JIGLAU~I 1 + X  + x2 

~iluwcluiunnnauli\fl l ~ ~ ~ r ~ i l u w ~ u i u ~ ~ l n ~ u ~ ~ ~ ~ f i u ~ w ~  1 l 

ulur~u?lw F2[x] d ~ f i n ~ I o J  
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%cod 1 ~ u $ f  5 - a iiluRidsmaur%drdu21ad f(x) URLHU~G 



f(O)=1 + 0 + 0 3 = 1 # 0  

f ( 0 ) = 1 + 1  + 1 3 = 1 + 0  

g(0) = 1  + o2 + o3 = 1  # 0  

g ( ~ )  = 1  + l2 + 13= 1  + o 
uufith$t f(x) uar g(x) 'Ldd&d~:nour%trh rwnr'LdClK7 
d~rnour%trh uonoind;n&muimm~aoul~duin~n 
?iw~uiuini  q 3 A r ~ ~ ~ v l ~ ~ i u a n o u ' L u  q ~ ~ 1 x 1  ldutuot 
*yulurYil~u flo 1  + x + XS ua: 1  + X? + XO 



3 3 
6. x - 1 = (x- 1) lu F3[x] 

ilgd : rnszJigAnui'rodC~r6~mfla~i~afu q u i n i  n nod f(x) 

d u ~ & $ ~ i i n q ~ r ~ u a 7 d h ~ r ' u  n = 0 LLR: 1 ~ u q A i i  n > 1 
Jrr l  r uar~u~i . i~n~~~r i l i .co^rdh~r 'uw~uiun" .~~ai~nurnf  Jounii n 

J a r  rl fiaimr.iwyuiu f(x) nunnf n rti f(x) ' l idnnlu F uantdinqaj 
u t  ~ U u o i ~  (~wnri idiu3unn = o < n = deg f(x)) RJUU rruyiii  

f(x) d n n o r h ~ ~ o u ~ d d n n  u c l r ~ u q i i i ~ i n ~ d ~ v a ~  f(x) l o  a € F 



d oinnqaaun 5.2.4 LS-116 f(x) = (x - aN(x) run deg q(x) = n-1 

k h 7 n # w 3  r o d  f(x) hd ld  a o:arL~wnnuor q(x) h n i r  

gd~L%~Jnfi~Ff iR~f q(x) irnrilu F ori~rriou n - I n n  unrnn 

r~diu'tiou~ilunnrar f(x) G-au 6rh  rdoriu a nu6-a~ m q d  

l&i f(x) b ~ i n ~ d i ~ ( i O ~ ~  n n n  - 
Unique Factorization 

r i '~  f(x) E FIX] uth f(x) muimuun.jdrmoulflu~d 

f(x) = aprt p",'..~',' ............... (5.2.1) 
d ruo ~ E F ,  el, e2, .... ek rfludiu-au~iiu~-an LLI: p,, p2...., pk 

ruuw y uiu~uiinduangiirn'u~~n:~nnau~ri~du FIX] LLN:nis 

uunnids:noud;~un~~~f lu~~~u~L~ua~niu"u niWhGiir 

jJgod m o : r 7 p ~ m u 5 ~ ~ d c i u r 6 ~ ~ f i a ~ i ~ a f u u ~ n 3 r o ~  f(x) 

nqajunriluo5rh~iuns6 deg f(x) = I ~wn tw~u iud~ l i n i  I 

Iu FIX] riluwyuiun~nowIriI~ tiold ~uqi i iwyuiuIu FIX] dii 
Gin?Sounii n qnwy u?u muisnr~unni dsenou~flwsdKrndl? U 

61 deg f(x) = n  uar f(x) nnnouldldu FIX] nisflpdfiauw 

~wn:rnmu~sor$uu f(x) = a(ilf(x)) d o  a rbu~jl+:~nf~iyad 

f(x) unc a"f(x) riluwyuiubiinlu F[X] r w s i d ~  f(x) rlluwyuiu 

amnculhh f(x) = g(x)h(x) 4 4  

t 5 deg g(x) < n ua: 1 5 deg h(x) < n 

l n u ~ u  y Gyluucrnisqrlriu ucrm~iiv?~ a(x) uae h(x) m u m  

~duulduxl 9l (5.2.1) 641fi4 f(x) muvmi/uula~ufd (5.2.1) mu 

Gorniq , 



d d  ~ u a  b e  F UR:: q,, q2, ..., q, ~~u~~uiu~uOnn~~~lnsii.jn'u~~~t~gl 

n o d d l f i  F[X] ~innis~fiuur~uu~uds=:~n~r%i o t l 6  a = b 

uonoind wy uiuamodrild p, ~im1~uaiiia1ZiR~ni uaaoii 

p, R'omis qi c h ~ i u u i ~  i 4 4  1 S i S r r ~ o i  d, ~iluwyuiuamnou 
u w L: d t lilr RJWW ql = ~ p ,  LUQ c ~i lur i in~ih uwnJ p, L L A ~  q, r i lwwy 

uiuluiln ql = pl riilHinmui~n6glnou q, LLRL p, aon 

?inrun73 (5.2.2) 16 riirdurbuanid6a~ddau 7 hd7glm 

m u i ~ a m d l M  l nisuuncnidstnoun"~ua3~~uu1~ (5.2.2) L H ~ U  
d Y 

nir o i o ~ i ~ n ' ~ ~ a w i : : A 1 b u o ~ 6 a d ~ t n a ~ n d ~ n ~ ~ r i i u ' ~  rn 

61 f,(x), f2(x). ..., fk(x) riluwyuiuh FIX] ~b!bdtuduiYa ni 
d n n  n  

~is+3uuinuo~ f,(x), f2(x), .... fk(x) n'owyuiuluiinnunnsu~n 
d d n7mnMi.l f,(x), f,(x). .... fk(x) N ~ n j  Q~ocr~uuununiu 

gcd(f,(x). f200 .  . . ., f,(x)) 

uetotnhaii f,(x), f2(x). . . ., fk(x) rilwwywiurawit R'uvu'nddo 

61 gcd(f,(x), f2(x), ..., f,(x)) = 1 

nqwaun 
5.2.7 

&aorci~noq~m k(~uclld. .n ~ ~ g o r ~ t h m )  

I$ f(x) uat g(x) rtluwyuiulu F[XI 4~ g(x) + o 
t d' t 

I. riinstuaunisuiaruuda~duounstn~ r,,(x) = o ~ M ~ U Y I J  

4iuau~4uuan n : 
d 

f(x) = g(x)h,(xI+ r$(x) WQ deg r,Oo < deg go() 



g(x) = rl(x)h2(x) + r2(x) Oflo deg r2(x) c deg rl(x) 

(i?~Jqu 5.2.6 : O J I & U V ~ O ~ ~ ~ D J ~ ~ ~ ~ R H I  gcd(~5 + + x2 + 1, x3 + + X) h 
F2[xI 

3aVl-l 
5 4 2  3 2 2 

x + X  + X  + 1 = ( x  + X  +x)(x + l ) + x + l  
3 2 2 

x + x  + x = ( x + l ) ( x  + 1 ) + 1  

x + 1 =  l ( x + l ) + O  
u t 
m3uu 

5 4 2  3 2 
gcd(x + x  + x  + 1 , x  + x  + x ) = 1  

C r  5 4 2 3 2 u u n o  x + x + x + 1 uaz x + x + x rOuwyuiurawi:aSlw'nd 

eion'u 



18 f(x), a(x) u~: b(x) rfluwnuiulu FIX] mo::nh?%wn 

uiu a(x) moun~roubn'u b(x) u o q h  f(x) ~ % t d u u  a(x) 

b(x) (mod f(x)) th f(x) ~ i r  a(x) - b(x) 'I6n~i?q 

1. x3 + x + 1 E x  (mod (x + I))~U F~[XI 

3 
2. x + x.+ 1 0 (mod (x3 + x + 1)) Iu.F~[x] H ~ D  

3. 2 + 2x2 + x + 1 IX + 1 (mod (x + 2 ) ) h  F3[x] 
3 2 2 ~ w n r f i  ( x 3 + h : + x + 1 ) - ( x +  l ) = x  + 2 x  = x ( x + 2 )  

, . 



= x(:.+ 1) + 2 t 2 (mod (x2 + 1)) 

d alrc a Irk F[x]If(x) uunwt~clro~wyuiulw F[x] ~unnntaun.Si d q  yx) 

61 a(x), b(x) E F[x]lf(x) r l i ~ u ~ n i ~ d i ~ i i u n i s ' h  F[x]/f(x) &d 
nisu-anuoqlk qx) 

a(x) + b(x) n'doni~uandn?ilu F[x] 

niqnruo$a f(x) 

a(x)b(x) f i ~ a ~ ~ w d u ~ ~ o e i n n i f  hif a(x)b(x) 1% 
FIX] di? tl f(x) 
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3 3 
x  -1sO(mod(x  -1)) 

v13a 
3 3 

x  1  (mod (x - 1)) 

rnqrunu x3 irqu 1 ~ J ~ : ~ ~ L I I H ~ ~ R I U I I O ~ I W ~ ~ I U ~ U ~ ~  

adid 5.3.2 IdlruIiiro~I~u"urau;gnif~if O:IB~RR$ ~ j d  
4 2 2 2 2 

a(x)b(x)=x + x  =x(x3)+x = x ( l ) + x  = x +  x  

pt rl uriwqu~uanf&ondi 3 dda~?ku~d r(x) = a  + bx + cx2 rda a, b, 
" t  

c €  F, o:~H'ud~~nmuifo~fan a, b, c  uda:6%'aoi1% mduu 

orijaui%nlu F2[x] I($ - 1 ) bfkrndid5u 2' = 8 <q ~JI~LL~! 

-- - - 

abc 0 )  

000 0  110 1  + x  
100 1  101 l + X 2  
01 0  01 1  

2 

X2 X+X 
001 X 111 1  + x + x 2  



oinnqwa 5.3.1 mtdi ~[x]/f(x) r0uirhs%~wyuiu f(x) lcl 

7 1% FIX] lukdod rn~uhr~wiz i~  FIX] I f(x) rdo f(x) = xn - 1 

UR~M R~ = F[x~(x" - 1) ~~mmuirnr~nu xn dau 1 Iunir 

diua runldan fimlu R. 

9o1rru1 wy uiu 
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1. n'7 a(x), b(x)E C rrt?q a(x) + b(x) E C 

2. 81 .a(x) E c us:: r(x) E R, u&? r(x)a(x) E C 

Sgod auufil* l c rUusKa3'ao'nslu R, u m ~ i i  c tUusKarB~ 

rdic ~ j t u  c ~acla&o~CudauIwia 1 ruarrii a(x) E c us:: r(x) = 
n-1 

r, + rlx + . . . + rWlx E R, ~ $ 7  

r(x)a(x) = r*(x) + rl xa(x) + . . . + r,, xW1a(x) E C 



2 2 3 2 
r(x)f(x) = (1 + x)(l + x ) = 1 + x + x + x = x + x 

3 rwnz31 x = 1 azrAudi x + x2 rUudi.~Hkkl c 4huitun'ynn 
rnof 01 1 ~jurn~~u~rnad 5 u o J n i n J  5.4.1 <ilkl' r(x) = 2 or16 
dis<LV 

2 2 2 4 2  
r(x)f(x) = x (1 + x ) = x + x = x + x 

~~olriuCuranrnoi 01 1 rdudtlanit fidnng~unoa# 4 I ~ J  

m i n d  mmuisn~idi.r<r~u q 1% C ~flurliuo~r#uanic d i s h  
u .4 i f~~aiu lu  c ~nngIu~annra~wo~nim 5.4.1 irruituCuran 

u .4 rnorlu~nnnrnuuo~ni~i~r~uaCu 

ainmind 5.4.1 arr~ud-tdif n'an"~~mt~~u C d o  $M~I]UQJ 

wquiulu F,[x~(x~ - 1) i ~ d o ~  4 w~u7u~~tufiuaneii~nir l o  





lu c d a ~ o i n  c LOU~HILBJL#U rnI6 g(x) - ~ ( X ) E C  unriiCin? 
u u r l  h u n - i l  deg g(x) = deg h(x) d ~ ~ f l l n u u ~ n u n m ~ u ~ ~ l ~ ~  g(x) ulr 

r r a  rl u t  
h(x) finnr~mnqa unm~ii g(x) - h(x) = o a ~ w u  g(x) = h(x) 

agog 2. ru y flHY a(x) EC ain~uaauilni3~13 L L R R J - ~ I P ~ ~ W ~  

ulu q(x) LLRr r(x) h FIX] bJflll$ 
4x1 = g(x)q()o + r(x) 

r i a  r(x) = 0 ~ 3 a  deg r(x) < deg g(x) ~7116 

r(x) = a(x) - g(x)q(x) EC (C rilu3~u~%JL8u) 
6 ~ t u  r(x) = o rwmz-ii~OuIdldl6d deg r(x) < deg g(x) d a ~ s i n  

r l rr  r u rl 
g(x) rOuwyuiunumnuau l  c 

3. oin~uaau?'rni~~iadun'u rnl6 
xn- 1 = g(x)q(x) + r(x) 

r i a  r(x) = 0 M ~ E I  deg r(x) < deg g(x) ~ ( i  

r(x) = (xn - 1 ) - g(x)q(x) l - g(x)q(x) (mod (xn - 1 )) 
u t a:rAuii r(x) riluwypava~ g(x) RJUU r(x) E<~(x )>  r d a ~ a i n  

r r r a  rl u t  
g(x) unmrannp RJWU r(x) = o tutja xn - 1 = g(x)q(x) ndia 

fta g(x) ~Ilwnid~rnauua~ xn - 1 rn 

u'ooXllnm : ainRialiq~ 5.4.1 mwuiiwyuiu I + x2 riatiq~iinscin c ud 1 + x2 
d r r  r u r l rr  r w rl I d l $ w y u ~ u n u ~ n . r u a u d  q wy~1unu~n~waunq~Iu  c fia 

I + x b ~ f i ~ i l u ~ w ~ w i u ~ ~ u a r ~ ~ w " ~  wannni :  1 + x r ~ u n i  
d 3 r n a u ~ a ~  x3 - 1 ~ 3 a n d q a i q  1 + x HW x3 - i I6a~Ca 



1 l + x  

2 (1 + x)? 

3 (1 + x)(l + x + x2) 

4 (1 + x)' 



38rii ~wdd n = 3. q = 2 oinfiodio 5.3.3 r n ~ i l i u a u ~ u i 9 n  

1% R3 = F~[x]/(X) - 1) ~ d l f h  23 8 L L ~ Z  
3 2 2 2 2 

F,[x]/(x - ~ ) = { O , ~ , X , X ,  1 +x ,  1 + x , x + x ,  1 + x + x )  

d~au~u<u~aaoo~~?n~ma+ 

{OOO, 100,010, 001, 110, 101, 011,,111) 

riaudu rnuun65dsznamo.s x3 - 1 1% F2[x] or*[& 
3 3 2 

x - 1  = x  + 1  = ( x + l ) ( x  + x + 1 )  

&A fid~znauua~ x3 - 1 ~&u,riwqui~ 1, x + A ,?  + x + i LL~:: 

: - 1 ddnnQ~u~~nnnnuo~a im~ 5.4.3 wyuiu LM hdw~fJuw~ 

uiunafii~fimua.ssC1.1'~%nadijnaiuuia 3 L L R ~  AI JCHI~ c fia 
C 1 

w~nruuo~wyuiuriafii~fim q u g(x) uuna disCdu c ~fimoinnis 

gmwyuiuriadiLiim~ a~ C r i?u~y~ lud ld  7 lu R3 = F,[X]/(X~- 1) 

niadio~bufii c riahrbImu g(x) = 1 + x ntiqafla c = c i  + X> 

au i lnb  c ~finoinnis?nr g(x) = 1 + x diu~uiBnIu R3 idiluri 
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2 2 
C={O, 1 + X , X + X ,  1 + x )  

dddnnglucl~'ndrro~vo~~~isid 5.4.3 ~uun~riiu~6uwyuiurio 

f i i r i i m  1 + x ~ d a ~ ! u u f i i s ~ m o ~  c l u ~ d r a n ~ ~ o f ~ r l i  

C = {OOO, 110, 011, 101) 
u d 

d ~ d n n g l u c l ~ n n m u u o ~ m  5.4.3 mmuisnclisclk c drio 
fii~ii~lnuwyuiubu ? lcilurliuorlo?nit ~ j $ u  sKrr7gFinsuu 

IRd F2 d ~ f l ? l u ~ l ? L ~ l ~ ~  3 $ d ~ u ~ 4 o 3 ~ N i d n n ~ 1 ~ 6 1 1 7 ~ 7 ~  
, 

5.4.3 

1 R3 

2 2 
F3 

1 + x  {O,l+x,x+x,1+x) {000,110,011,101) 

1 + X + X 2  (0, 1 + x+ :) {OOO, 111) 



r i ? a d ~  54.3 : ~~PISNI~KU c IM R7 uulPaA F2 dr iof i l t i ic lh~w~~~u g(x) = 1 

+ x + X3 oinninJ 5.4.2 ~ m d  
7 3 2 3 

x - 1  = ( 1  +x ) ( l  + x + x ) ( l  + x  + x )  

= g(x)( 1 + x)( 1 + 2 + X3) 
u L: nJuu wyuiunSaoauumartauayaJ c lowyuiu 

2 4 
h ( x ) = ( l  + x ) ( l  + x 2 + x 3 ) = 1  + X + X  + X  

atlqG1 deg g(x) = n - k =  7 1 4  = 3 MAZ deg h(x) = 4 

M U ~ U L M ~  : ~ d o ~ o i n w ~ u i ~ ~ ~ a o ~ ~ l u n i a : : ~ ~ u o  h(x) ~ilu&dr:nauao~ : - 1 
u Je njZu i,~annofiirQnLn h(x) ' ~~um'a~go'n~dilnaiuuia 7 Aiu 

rduh mot\/ir~udo~d.jiS~dri o~ i~ i im~~uwSuiu  h(x) N U ~ A  

CusQ c' 



und 5 3CaTaGnt 
-- - 

deg r(x) < deg g(x) = n - k 

r(x)h(x) t f h w y $ ~ ~ a ~ ~ y u i u  xn - 1 uPi deg r(x) < n - k 
u t: tLar deg h(x) = k ~wasii  r(x)h(x) = o ud h(x) # o ~ J U M  r(x) = o 

~ J L I I U W  ~ 1 %  E(X) = g(x)q(x) i u ~ a  C(X) E c rn 
> -  



2 k -  1 
aog(x)+alg(x)x+a2g(x)x +...+ ak.,g(x)x = O  

dwso 
2 k -  1 

(ao+ a lx+  a,x + ... +a , . , x  )g(x) = 0 
J4tk.d .d w k~ilurrlldlb r w n : n i ~ ~ i u d ~ ~ f l w w q w i ~ n ~ ~ n ~ w o ~ n i i  n k 

~w~ilw~d~xi~~da:r~in'~ o (mod (xn- 1)) wanoin a, azrilu o $4 
Mum 

k -  1 
d ~ ~ d m o e u l r c l d i { g ( x ) , x g ( x ) , x ~ ~ ( x ) ,  ..., uclrx g(x)}ud 

$7 C t w i i  oor t t ~ m ~ i i d i r  C ~ d ~ r d i m ~ i ~ n  ~4 uw'Iu3dnir 
nu~8~~8w~ouo~wqwiu~~i~f i  

h a(x) ~ t l d ~ K ~ l u  c u h  a(x) g(x)q(x) ~ H ? U U I J W ~  

uqu q(x) rdo~ain deg a(x) < n ~ j c w  deg q(x) < k ~ ~ y f i ' I f l  
k -  1 

q (x )=q,+q,x+  ... +q , - , x  
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qrI6 

g(x)qo() = g(x)(q,'+ q,x + ... + qk-1:-0 

L 1 
u w ~ a  a(x) = g(x)q(x) r U u n i ~ ~ a u ~ ~ ~ r W i ( ~ a ~ w y u i u  

k - 1  
g(x)1 xg(x). X2g(x). .I x god 

u t: k - 1  
RJUU (: g(x). x~(x).  &(x). ..., x B(X) L U W ~ W I I ~ ~ ~ J  c rra: 

dim (C) = k r!sudiw11uiuluglu114n~ujd l n -d.rih~u m~i~&runin&a 

fiirih G lw3dd$a~ni~ m 

JPIs.a 
& o h 4  5.5.1 : r~~1w~uiuhofi1~~fl21~~~~17'~~nf~wfl~6 q F, $JHRILI~UU@ 3 

rraru' ~aiusiarriinYU 7 
4 1  0 u dd U t  qani ludd m c i a ~ n i ~ ~ i ~ ~ ~ n u ~ a i u s i a ~ n i n ' u  n = 7 RJWU wy 

u A d  uiuriadirQa~ a~~~muc1~1usia 7 d ~ r g a ~  ~Uunidxnauua~ 
7 

x - 1 ~ i n a i n ~  5.4.2 r n i  
7 3  2 3 

x - 1  = ( 1  +x) ( l  + x + x ) ( l  + x  + x )  
u A 4 - a  " t  uarrdamin rncio~ni~~i~~r(muu~~r i in 'u  3 a~uummlq ram: 

.I Pl t  wyu1unn.r n - k = 7 - 3 = 4 A ~ ~ u n i l l ~ t n o u r a ~  x' - 1 rriiuu 

4JI6L~ri 
3 2 3 4  

1. g,(x) = (1 +x) ( l  + x  + x ) =  1 + x + x + x ua: 
2 3  2 4  

2. g2(x) = (1 + x)(l + x + x ) = 1 + x + x + x 
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HUURW (a0, all a2, ar 84,  a,, a,) L ~ ~ U L L O ? U O J L U ~ ? ~ ~ ~ ? O  
1 

%(a0 + a, + a3) + x,(a, + a, + a4) + x2(a2 + a3 + a,) 

+ x3(a3 + a4 + a,) = 0 

u t: 
uunmh~uu$tfiwoidh~%~n 7 x = xoxlx2x3~ F: nduw 

a0 + a, + 8 3  = 0, a2 + a3 + a, = 0 

a, + a 2 +  a4=0 ,  a3 +a4+  as= 0 

uuyR?~rilan a, = a, = 1 uae a, = a, = o ~ n l 6  



Y an fil xn - 1 = g(x)h(x) ullr deg g(x) = n - k LLRaUnVoJ C = 

$u?U 5.5.1 I fii h(r) = ho + hlx + ... + hflk ~fl~luwyuiu~n? k ~ ~ P I R A  F 

' k k  
h,(x) o h, +.h,.,x + ... + hox = x h(x") 



d ' u 4  Y 

oinaunirLtrn nI~rcluiiranuof (G, c,, . . ., c,,-~) RjainCu~an 



J r rnof ( h  h . h 0, . 0 u~-oinnunisnr~ao ~erddiran 

n-k -1 k n 
x g(x ) x h( i l )  = xn((ilf - 1) = 1 - x 
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1duimg.l~ G = [ I, I A] ~ r ( r ? m  mom, . m , a:dnnglu k 
u d r  d i r ~ ~ ~ d ~ ~ m ~ o d d i m ~ n ~ ~ s l a i n n i . r g m  G ri?urns m Iugan~od 
u u  11 -11 d ~no:~~u:rti~'rr~ilsa~a~~n~ona~~u~ dra:~<dini~dodlusb %I U 

d rr uuudriun41 jduuuL8wnvv (systematic form) adnnojd 

uuuddmsdnngIu k d i u ~ u ~ ~ ~ ~ i u u a  J~I~ITN 



oflu k ~ L L M J J U ~  r w n r  deg ri(x) c deg g(x) = n - k UR:: 1 





xn- m(x) = g(x)q(x) + r(x) 
d " t: 

L.uQ r(x) = 0 14% deg r(x) < deg g(x) = n - k muu 

3 3 8 3  3  2  
x m ( x ) = x  + x  = ( I + x + x  ) ( x + x ) + x  + x  

at- 
n - k 3  2  6 3 2  

x m(x) - r(x) = x m(x) - (x + x) = x + x + x + x 



n koind~nl~iunindtiodiriim da~IuI~riiouarui~~Fu 

rrga rmmuimdiuanrni runin(n'olrasaor~ni~t~auo~Bi ain 
runindriodi~(ia uaz~unind~no a o u n i a : ~ a u a d o ~ i ~ ~ d ~ ~ ~ ~ u d  

me:niGul~su niwyuiud~uciu6u$u~~~u~~s=:~~a~~~ho~rr;ia 

auuiM 1 c ~ilu~CsM'~o'n3uuPIPA F, d ti or t i  L Q ~ R  uwnuiu 1 

J arc rc W J  w 
g(x) adunnf n - L 1ur;iaaonuna mmuimni runrin(nriodirci~d 

olflu~d U U G = [R 1 I,] rdo R flowninduuin k x (n - k) hfl 

nqwaun h W(X) ~Uuw~uiuAn9ld~fiu n - 1 dwu~u~u~an~mf w dl6 
5.7.1 

L unt S(X) L ~ U Y ( ~ U I U ~ ~ U ( ~ ~ K U B U ~ R ~ U  t u o ~  w ua? S(X) 

a t r ~ u w n u i u C ( ~ ~ l u ~ ~ 1 ~ d ~ ~ i ~ a a i n n i ~ ~ i ~  1 W(X) 6x1 g(x) n i l?  

go S(X) W(X) (mod g(x))  
1 



u A 
tdo h, Aomnn i aoJ H unuuriarcl~nao~ H huwyuiudrru 

u'tln'u ~~116 

n - k - 1  
= Wo + WIX + .,. + Wn-k-1X 

n - k  n - 1 
+ w n - k ( x  - q ~ ( ~ ) g ( ~ ) ) + . - . + ~ n - l ( ~ ,  - ~ ~ - I ( x ) s ( x ) )  

= W(X) ' [wn- k qO()o g(x) + ... + W ~ I  - 1 q k  - ~(x)S(X)I 

t: 
ucido~om deg r,(x) < n - k 0r15 deg s(x) < n - k oinaumou 
-a annisclir u ~ n ~ i i  S(X) tdut~~~rc l~ooinn isvm W(X) ci?u g(x) 

m7u8o~nis m 



srrdu.ji rT ~s~n'~aKndnuua~~unM H uanaiinnrnof w d 
u r r r r l  u ~ 6 ~ u ~ ~ a ~ n w n i n ~ ~ l i i u ~ r i ~ d  3 d~ns~nuqrm~vw~uiu$i~uu$ 



r i a  Q(X) ua:: t(x) r i l w w a ~ i a ~ a ~ ~ ~ l t d ~ ~ ~ i n n i m l r  xs(x) Rju 

go() 

dnroin deg s(x) l n - k -1 uar g(x) rilwwyuiuIuiinAii 
d d " t  Rn3 n - k RJUU 57 deg s(x) < n - k -1 r r c i  deg xs(x) < n - k 

~~6~61J i i  Q(x) = 0 L L ~ Z  t(x) = xs(x) rrdrh deg s(x) = n - k -1 usi? 
Q(x) ~ltL.ri lTkdlRJ~~ sn - , -, L L W  t(x) = XS(X) - S, - , - ,g(x) 

l a t(x) ~ i l u w ~ u i u d ~ a u f i r i u ~  d m  XW(X) rn 
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